SYMPLECTIC AND POISSON GEOMETRY OF THE MODULI SPACES 
OF FLAT CONNECTIONS OVER QUILTED SURFACES. 

DAVID LI-BLAND AND PAVOL SEVERA 

_-^^ Abstract. In this paper we study the symplectic and Poisson geometry of moduh spaces 

I of flat connections over quilted surfaces. These are surfaces where the structure group 

f^ varies from region to region in the surface, and where a reduction (or relation) of structure 

^\) occurs along the boundaries of the regions. Our main theoretical tool is a new form 

, , moment-map reduction in the context of Dirac geometry. This reduction framework 

r^ I allows us to extend the results of 26 361 to allow more general relations of structure 

.^^ groups, and to investigate both the symplectic and Poisson geometry of the resulting 

moduli spaces from a unified perspective. 
Cn The moduli spaces we construct in this way include a number of important examples, 

^_^ including Poisson Lie groups and their Homogeneous spaces, moduli spaces for meromor- 

r K phic connections over Riemann surfaces (following the work of Philip Boalch), and various 

^^ symplectic groupoids. Realizing these examples as moduli spaces for quilted surfaces pro- 

\m^ vides new insights into their geometry. 
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1. Introduction and Summary of Results 

Suppose that G is a Lie group whose Lie algebra, q, is endowed with a G-invariant inner 
product, (•, •). Suppose that S is a closed oriented surface, and P — )• S is a principal G- 
bundle. Let Afiat{P — ^ 5]) denote the space of flat connections on P. Atiyah and Bott Ig] 
showed that the moduli space 

M{P ^ S) := AfiatiP ^ 5])/Aut(P) 

of flat connections on P carries a symplectic structure. Their construction involves infi- 
nite dimensional symplectic reduction. In this paper, we will describe a finite dimensional 
construction of this moduli space inspired by the quasi-Hamiltonian approach of Alek- 
seev, Malkin and Meinrenken [4J. Our approach generalizes easily to construct symplectic 
structures on related moduli spaces: 

• surfaces with boundary, where segments of the boundary are labelled by coisotropic 
subalgebras of g (generalizing some results found in [36] ) , 

• surfaces with domains labelled by distinct structure groups and domain walls la- 
belled by coisotropic relations between the structure groups (also called quilted 
surfaces)^ 

• branched surfaces, where the branch locus is labelled by a coisotropic interactions 
between the branches. 

Even more generally, our construction will produce Poisson structures, and a natural gen- 
eralization of quasi-Hamiltonian and quasi- Poisson structures. As a result, we are able 
to provide a moduli-theoretic interpretation of a number of well known spaces including: 
Lu's symplectic double groupoid integrating a Poisson Lie group ^28j, Boalch's Fission 

among 



spaces [8j[9], Poisson Lie groups [14 32 , and Poisson homogeneous spaces 30 
others. 

Our construction requires two new techniques in the theory of moment maps: 

• A slight generalization of group- valued moment maps, so that the moduli space on 
a surface with several marked points on every boundary component is equipped 
with such a moment map. 

• A new type of symplectic reduction, generalizing the ordinary Marsden-Weinstein 
reduction and the quasi-Hamiltonian reduction. In particular, the moduli space 
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of a triangulated surface is obtained via reduction from the moduli spaces of the 

triangles. 
Some of these results appeared in [26], where the (quasi-)Poisson structures on moduli 
spaces are constructed in terms of an intersection pairing. Here we present the reduction 
theorems in full generality (unifying both the twists and reductions found in (quasi-)Poisson 
geometry) and with an emphasis on symplectic structures. We also formulate the results 
in more natural way, as morphisms of Manin pairs. Among the morphisms of Manin pairs, 
we introduce the class of exact morphisms, corresponding to (quasi-) symplectic structures. 

1.1. Notation and terminology. At this point, we would like to introduce some nota- 
tion. Suppose Vi is a family of vector spaces (or manifolds) indexed by a set / and f : J ^ I 
is a map. We use the notation 

{Vi}i(Zj h^ {Vf(^j)}j(Zj 

for the induced pull-back map. 

For any oriented graph T, we let E-p denote the set of edges, Vr the set of vertices and 
in, out : Er — )• Vr the incidence maps. T is called a permutation grapl\\ii both in and out 
are bijections. 

A quadratic Lie algebra is a Lie algebra endowed with an invariant non-degenerate sym- 
metric pairing. 

To simplify our presentation, we will assume that the Lie group G is connected through- 
out this paper. The generalization to disconnected Lie groups is straightforward. 

1.2. The construction. 

1.2.1. Motivating example: The symplectic form from a triangulation. Let S be a closed 
oriented surface and let 

7Ws(G) = Hom(^i(S),G)/Ad(G) 

be the moduli space of flat connections. Let us recall how to compute the Atiyah-Bott 
symplectic form to on M-£{G) in terms of a triangulation of S. 

Let T be a triangulation of S. Let To denote the set of its vertices, 7i the set of 
(unoriented) edges and 72 the set of triangles. We let 7i denote the set of oriented edges 
(we thus have a 2-to-l map Ti — )■ 7i) we let 

(e ^ e) : -fi ^ Ti 

denote the map which reverses the orientation of the edges. 

Let Afiat{T) be the space of "combinatorial flat connections" on S: 

Afiat{T) = {ge G^^ I g-e = g"^ for ah e G 71, and JJ 5e = 1 for all t G T2}: 

ee9t 
Such graphs are also called directed cycle graphs in the literature. 
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Figure 1. In the figure, t G Ti is a triangle, 61,62,63 G 7i are oriented 
edges, and ^1,^2,^3 G To are vertices. We have dt = {61,62,63}, and 
V2 = in(ei) and vi = out(6i). 

here dt C Ti denotes the oriented boundary and the product is taken in the natural (cyclic) 
order (cf. Fig. Ill) . We have an action of G on A fiat (T) by "gauge transformations" 

(1-1) i9'-9)e = gl,(^e)9eig'outie)r\ 9 ^^ G'^\ g ^ G^^ 

and 

MY.{G)=Afiat{T)IG^\ 
If t is an oriented triangle with edges 61, 62, 63 (in their cyclic order), let 

(1-2) Mt{G) = {{gei,9e2,9e3) eGxGxG\ 5eiffe25e3 = !}• 

We have an inclusion 

i : AfiatiT) C n ^t{G), 
teT2 

where the subset Afiat{T) is given by the condition Qe = Qs ■ 
Let 

^t = \{ge,'^9e,A9e,9e') ^ ^\Mt{G)). 

The 2- form Wf is invariant under cyclic permutations of the edges. 
The symplectic form oj on A4.y.{G) is given by 

(1.3) p*u) = ?* y^ ^t, 

ter2 
where p : Afiat{T) —5- 7We(G) is the projection fill. 

We shall interpret Equation ( |1.3| ) in the following way: Ms{G) is obtained from HieT^ -M-tiG) 
by a variant of Hamiltonian reduction. The subset AfiatiT) C nieT2-^*(^) ^® given by 
a moment map condition, and then we need to take the quotient by the residual group 
G to get a symplectic manifold. To do it, we need to explain this (quasi-)Hamiltonian 
reduction and the (quasi-)Hamiltonian structure on Ait{G). 



SYMPLECTIC AND POISSON GEOMETRY OF MODULI SPACES 5 

1.2.2. Quasi- Hamiltonian reduction. Let c) be a quadratic Lie algebra and f) C t) a La- 
grangian subalgebra (i.e. \) = f)). In other words, {p, f}) is a Manin pair. 

Suppose that (3 acts on a manifold N so that all the stabilizers are coisotropic Lie 
subalgebras of c). We shall recall below the following notions (introduced by Alekseev, 
Malkin and Meinrenken in (ij and by Alekseev, Kosmann-Schwarzbach and Meinrenken 
in [3], slightly generalized in this paper): 

• A quasi- Hamiltonian (D, f)) xN -manifold (or quasi-Hamiltonian tj-manifold, if c) and 
A^ are clear from the context) is a manifold M with an action of f}, an P)-equivariant 
map fi : M ^ N [moment map), and a bivector field vr on M, satisfying certain 

conditionso 

• Among the moment maps there are exact moment maps. In this case the bivector 
field vr can be replaced by a 2-form (M is "quasi-symplectic"). 

One of our main results is the following reduction theorem: 

Theorem 1.1. Let M he a quasi-Hamiltonian (t), \]) x N -manifold, I dX) a Lagrangian Lie 
subalgebra, and S C N an {-invariant suhmanifold. 

(1) There is a natural Poisson bracket on the algebra C°°{Mf^^ C C°°{M) of \r^\]- 
invariant functions. In particular, if M/[\ Pi f)) is a manifold, it is a Poisson 
manifold. 

(2) The ideal I C C°^(M)'^'' of functions vanishing on fi^^{S) is a Poisson ideal. In 
particular, ^^^{S)/(lr\ f)) is a Poisson manifold, provided it is a manifold. 

(3) // the moment map pL is exact and S is an l-orbit then the Poisson manifold 
IJ,^^{S)/ (In i)) is symplectic. 

More generally, if in place of the Lagrangian subalgebra I we use a coisotropic subalgebra, 
we have a similar result, where the reduced manifold is still quasi-Hamiltonian. This 



result is contained in Theorems 3.1 and 3.2, expressed in the more appropriate language 
of morphisms of Manin pairs. 

1.2.3. The quasi-Hamiltonian structure on moduli spaces. Let e be an (abstract) oriented 
edge, let N^ = G and Dg = 5 © 0, where g is g with the inner product negated. The 
corresponding group D(, = G x G acts on Ne = G via 

(1-4) {91,92)- g = gig 92^- 

N(. = G should be imagined as the space of possible holonomies along e, and the action of 
D(, = G X G as gauge transformations at the endpoints of e. 

Let S be a compact oriented surface and V C dT, a finite subset such that every com- 
ponent of both S and 95] intersects V non-trivially. We shall call (S, V) a marked surface. 
The boundary circles of S are cut into a sequence of oriented edges with endpoints in 
V. Together these edges and vertices form a permutation graph F, the boundary graph of 



o 

Strictly speaking the bivector field vr depends in an inessential way on a choice of a vector space 
complement 6 C to f), as in p]. Similarly, in the exact case, the 2-forin depends in an inessential way on 
some other choice. These cho ices can be made canonically in our cases of interest, and so we will ignore 
this subtlety until Section |2.3| 
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Figure 2. The marked surface (T,,V), with V = {vi,V2,V3}. The bound- 
ary graph r has edges £'r = {ei, 62, 63} and vertices Vr = V. 



(S, V) (cf. Fig. [2]). Let ni(S, V) denote the fundamental groupoid of E with the base set 
V. Let 

A^s,y(G)=Hom(ni(S,l/),G) 

be the moduh space of flat connections on G-bundles over T, trivialized at V. This moduli 
space is quasi-Hamiltonian in the following way: 

We have an action of the group H = G^ on M-j:y{G) by (residual) gauge transforma- 
tions, 

(^•/)(^)=^n(e)/(^)Ct(e)' 

for h G G^, f e Mj:y{G), and e G ni(S, V). We also have a map 

^ : -MEy(G) ^ AT := J] N^. 

ee-Br 

where the components of /i are given by 

^^{f)e = /(e) 

(in other words, ^ is the list of holonomies along the boundary arcs). Notice that the map 
/x is ff-equivariant, where H = G embeds as a subgroup 

G^ QD:= II De= l[{Gx G). 

Here g S G^ is included as the element Hees (S'in{e))fi'out(e))- Letting t) and P) denote the 
Lie algebras of D and H, we have: 

Theorem 1.2. There is a natural (O, f)) x N -quasi-Hamiltonian structure on Mj].v{G) 
with the moment map fj,. The moment map is exact and the quasi- symplectic form oj 
on M'Ey{G) is given by the formula ( |1.3[ ), where T is any triangulation of S such that 
75 n 5E = V. 
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We prove this theorem in Section [4} 

Remark 1.1. In the case where every boundary component of S contains exactly one ele- 
ment of V, the theorem (except for the triangulation part) was proved by Alekseev, Malkin 
and Meinrenken in [3, and became the motivation for quasi-Hamiltonian structures. 



1.2.4. Reduction applied to moduli spaces. We can combine Theorems |1.1| and 1.2 to pro- 
duce Poisson and symplectic manifolds: we choose a collection (Sj, Vi) of marked surfaces 
with boundary graphs Fj, and a collection Gi of Lie groups with quadratic Lie algebras. 
The manifold 

i 

is quasi-Hamiltonian, with the moment map ji : M ^ N = W^ Ni. We choose a Lagrangian 



Lie subalgebra [ C c) and a [-invariant submanifold S <Z N . Then by Theorem 1.1 if the 
transversality conditions are satisfied, the manifold 

Mred = l^'HS)/{\r\\)) 

is symplectic or Poisson. 

The reduced manifold Mred can be again seen as a moduli space of flat connections, 
with certain boundary (or sewing) conditions. Below we shall give various examples for 
simple choices of [ and S. 

Example 1.1. As the first example, let S be a closed surface with a triangulation T. Let 
(S', V) be the disjoint union of the triangles, with V' consisting of the vertices, and let 



M=Mj:.y:{G) 



n ^*(G)- 



in the notation of Eq. (1.2). 



Let us now identify our data on a picture (showing just two triangles, with the parallel 
edges identified in E): 
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The Lie algebra t) is the direct sum of all the g's and g's, situated at the half-edges of the 
triangles. N is the product of all G's. The Lie algebra f) C c) is the direct sum of all the 
diagonal Lie subalgebras, gA C g ® g, situated at the vertices of the triangles. Let the Lie 
algebra [ C c) be the direct sum of all the diagonals gA C g ® g situated at the pairs of 
half-edges that are identified in S. Notice that f) n I = g^. 



''^ 
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(a) Elements of () lie in the direct sum of all 
the diagonals 0a C fl ® g at the vertices of 
the triangles. 



(b) Elements of [ lie in the direct sum of all 
the diagonals 0a C g ® g at the pairs of half- 
edges that are identified in S. The [-orbit, 
S, consists of those elements g G IleeT s^*^^ 
that ge= gs^- 



For the [-orbit S C N we take the subset given by the conditions gs = 9e^ foi' ^W P^-ii' 
of edges e, e that are identified in S. We have 

Mj:{G)=Mred:=f^~\S)/{l)nl). 

Thus we are able to obtain AiY.{G) by quasi-Hamiltonian reduction from triangles. 

So far we have not explicitly described the symplectic or Poisson structure on Mred- In 
a special case it is very simple. Let 

denote the (exact) moment map, and let coi be the quasi-symplectic 2-form on Mg-^y. (Gj) 
(given explicitly in Theorem 1.2). For every boundary arc e of Sj we have the involution 
of de = di ® Qi given by 

If we apply the involution simultaneously at all the boundary arcs, we get an involution of 

i eCdSi 
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We shall say that a subalgebra [ C t) is symmetric if it is invariant with respect to this 
involution. 

Theorem 1.3. If i C d is a sym,m,etric Lagrangian subalgebra and S C N is the {-orbit 
through the identity element 

i 

then the symplectic form oored on 

is given by 

P*Ured = ^ ' 



CJ,; 



where p : // ^(5) — )• Aired is the projection. 



/.-i(S) 



As explained in Remark |3.3[ Theorem 1.3 will follow as a corollary to Proposition |3.1[ 

1.3. Colouring Edges. Suppose that c C g is a coisotropic subalgebra (i.e. C"*" C c). Then 
the subalgebra 

^c := {(e, ??) G (0 e g) I ^, 7? G c and C - r/ G c^} 
is both Lagran gian and symmetric. The orbit of Ic through the identity of G, with respect to 
the action Eq. (1.4), can be identified with the simply connected Lie group C"*" integrating 
the Lie algebra C""-. 

Let (E, V) be a marked surface. For every boundary arc e (i.e. for every edge of the 
permutation graph Tsy with the vertex set V), let Ce G be a coisotropic subalgebra, and 
consider the Lie subalgebra 

':=©^c. C00©0 = c). 

e e 

It is clear that [ is both Lagrangian and symmetric. Let S G N = Y\^ G be the l-orbit 



passing through 1 G He ^- Theorem 1.3 implies that if the quotient space 

is a manifold, it is symplectic. 
Concretely, 

(1.5) Mred = {/ : ni(S,T/) ^ G \ /(e) G C^ for every ej/lng^, 

and [ n C is given by the conditions 

(1.6a) ^„ G tei n Ce2 where v = in(ei) = out(e2) 

(l-6b) ^in(e) -^out(e) G C^. 

Notice that if Ce's are Lagrangian then the first condition implies the second one. If, 
moreover, Cei H Cea =0 for any pair of consecutive boundary arcs then 10 =0. Under 
these conditions the moduli space M.red was considered in (36j. 
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/l ^ 

"P' 

e 
f 



Figure 3. The symplectic double groupoid integrating the Lie-Poisson 
structures on E and F. 






Figure 4. The symplectic double groupoid integrating the Lie-Poisson 
structure on G. 



Example 1.2 (|35|[36]). Suppose that e,f C g are transverse Lagrangian subalgebras, and 
let E,F G G denote the corresponding connected Lie groups. We may colour alternate 



edges of a rectangle with e and f, as in Fig. [3j From Eq. (1.5) we see that 

Mred = {(ei,e2,/l,/2) eE'^ XF^\ 61/162/2 = 1}. 



By Theorem 1.3 the moduli space Mred carries the symplectic form 



w = 2(^i^'^^i'^/i A ^) + 2^^2^de2,d/2/ 



2') 



Here, the upper-left triangle in Fig. Ki^ contributed the term ^{e^ dei,dfifi ) to this 

expression while the bottom-right triangle in Fig. K3^ contributed the term ^(e^ d62, d/2/2^ ). 

As explained in [35,36 , the symplectic manifold {A4,uj) is the Lu-Weinstein symplectic 



double groupoid integrating the Lie-Poisson structures on E and F [29]. 



Example 1.3 ( [34||36] ). Let e,f C g be as above. Divide each boundary component of 
the annulus into two segments and colour alternate edges with e and f , as in Fig. |4j From 
Eq. (1.5) we see that 



Mred = {(ei, 62, /i, /2, g) eE^ xF^ xG\ geifig 7262 = !}■ 
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Figure 5. The symplectic groupoid integrating the Lu-Yakimov Poisson 
structure on GjC. 



The moduh space Mred carries the symplectic form 

+ 2(ff/r'd(/i5-'),5/2 /2-') - \'Agg-\<ih fi'), 

which can be computed from the triangulation pictured in Fig. |4j 

As explained in |'34[|36 , the symplectic manifold {A4,oj) is the symplectic double groupoid 
integrating the Lie-Poisson structure on G. 

Example 1.4. Suppose that e,f ^ s are transverse Lagrangian subalgebras and c C g 
is a coisotropic subalgebra. Let E,F,C, C-^ C G denote the corresponding connected Lie 
subgroups, and suppose that C C G is closed. Consider the annulus whose outer boundary 
is divided into two segments. Colour the outer boundary by the two Lie subalgebras e and 
f and the inner boundary by the inner boundary by the Lie subalgebra c, as in Fig. [5} We 
have 

^Ji-\S) = {{eJ,g,c)GExFxGxC^\ efgcg-^ = 1}. 
Meanwhile, Eq. ( |1.6| ) yields 

[ n 3^ = {^ G g^ I ^^0 G c and ^t, = for all v / vq}, 

where vo is the vertex labelled in Fig. [5] Thus the Lie group of residual gauge transforma- 
tions is C, acting as 

c'-{e,f,g,c) = {ej,gc'-\c'cc'-^), c' e C, {e, f,g,c) e E x F x G x G^. 



Since, by assumption this acts freely and properly on fi ^{N), Theorem 1.3 implies that 
the moduli space 

Mred = {{e,f,g,c)eExFxGxG^\ efgcg-' = 1}/G 

carries the symplectic form 



CO 



-^{dg g-\dee-') + '^{c-Ac,d{g-'e) e''g) + ^{f-Af,dg g-'). 
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The symplectic manifold {Aired, ^) is the symplectic groupoid integrating the Lu-Yakimov 
Poisson structure on the homogeneous space G/C [30]. The source and target maps are 

s{e,f,g,c)=g, t{e, f,g,c) = fg, 

and the multiphcation is 

(e', /', g', c') • (e, /, g, c) = {ee , f'f, g, c'c), g = fg. 

1.4. Domain walls and branched surfaces. Let (Sj, Vi) be a finite collection of marked 
surfaces with boundary graphs Fj, and Gi a collection of Lie groups with quadratic Lie 
algebras Qi. As we observed above, the space 

M = llM^^,v^{G,) 

i 

is a (c), f)) X A^-quasi-Hamiltonian for appropriate (c), P), N), and if we choose a Lagrangian 
Lie subalgebra I C t) and a [-orbit S C N, then 

Mred = f^'\S)/ln^ 



is symplectic. If the subalgebra I C t) is symmetric then Theorem 1.3 gives us a simple 
formula for the symplectic form on Aired- 

Let us now choose a symmetric [ C c) in the following way. We first glue the boundary 
arcs of (Sj, Vi) in an arbitrary way. More precisely, let W be a finite collection of (disjoint) 
unit intervals called domain walls, let 

K : UiEr^ -^ W 

be a surjective map assigning to every edge of every boundary graph Fj a domain wall, 
and let 

4>e '■ e ^ K{e) 
be a homeomorphism for every boundary edge e (not required to preserve the orientation) . 
Let T, be the topological space obtained from Sj's and the domain walls after we identify 
every boundary arc e with K(e) via the map (f)e- 
For every boundary arc e G E'r, let i{e) = i, and 



1+1 a (j)e is orientation-preserving 
sign(e) = < 

1—1 otherwise. 

For every domain wall tf G W, let 

Qw = ^;jp 0j(e) © (37 0j(e) 



and 

Notice that 



sign(e)=+l sign(e)=-l 



Oui — Qw ffi Qw 

y^ Qw ffi Qw = yy(0' ® Qi) ' 
toeW i 
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Cl,2 C 01 e 02 

/ -~~-^ h/^""'"-^ C2 C 02 

Cl C 01 ^\ 03 )— ^\ _ 

\ / C2,3 C 02 © 03 

Figure 6. Our surface is divided into domains with distinct structure 
groups, and the domain waUs are coloured by coisotropic relations between 
the structure groups. As before, coisotropic boundary conditions are also 
chosen. 

For every domain wall w G\N we now choose a coisotropic Lie subalgebra 
Using c^ we construct the symmetric Lagrangian Lie subalgebra [^ C c)t„. 
Finally we set 

For every domain wall tj; G W, let C^ C Gw denote the connected Lie subgroup with 
Lie algebra c^, and 

toew i 

Then S := C C N is the [-orbit passing through 1 G Yii G^ ^ = N . As before, we have 
(L7) ^-1(5) = {{/, : ni(Si,y,) ^ G,]i I \{{h{er^"^''^]e^Er^ G C^} 

i 

and 

i 

Example 1.5 (Oriented surfaces with coloured boundaries). If we have just one domain 



and the gluing map k is injective, then we are in the case described in Section 1.3 



1.4.1. Domain walls. Suppose that the glued topological space S is still a (not necessarily 
oriented) surface. Equivalently, every domain wall w G \N borders either one or two 
domains (i.e. the preimage k~^{w) has cardinality one or two). The resulting surface S 
was called a quilted surface in [26] (following |40|). 



Remark 1.2. Quantizations of these moduli spaces have been studied in the physics com- 
munity |17[|20[[21j for abelian structure groups and Lagrangian relations on the domain 
walls. 
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Figure 7. On the surface pictured above, the structure group in the yellow 
domain is G while the structure group in the blue domain is H. Along 
the boundary of the two domains, blue edges are coloured with c_(_ while 
the red edges are coloured with C-. Cutting along the dotted line in the 
first picture yields yields the second picture. Acting by H at the vertices 
fi, . . . , V2r allows us to set the holonomies /ig, . . . , /i2r-i to the identity. 



Example 1.6 (|9j). Suppose that g = u+ © f) ® u_ as a vector space (but not as a Lie 
algebra), where p± := f) © U-t C g are coisotropic subalgebras satisfying p^ = u-t. Suppose 
further that the Lie subalgebras U-t, p-t, f) all integrate to closed subgroups fZ-t, P±, H C G 
such that H = P^ n P_ . The metric on g descends to a non-degenerate invariant metric 
on f) C g, and 



L 



c± :={(C;C + /") G f)©0 I CG f) and/iGu±} 



is a coisotropic subalgebra (in fact, it is Lagrangian). 

As in Fig. [Tj let S denote the annulus, and let 7 C (S \ 5S) be a simple closed curve 
representing the generator of the fundamental group. Cutting S along 7 yields two annuli, 
Sg, T^h C H, which we label with the structure groups G and ff , respectively. We divide 7 
into 2r segments with endpoints labelled f 1 , . . . f 2r 1 and colour alternating segments with 
the coisotropic Lie subalgebras c+ and c_. Finally, we mark the respective components of 
dTi with points xq and xh, and label the ends of the 2r. 

The points xq, Xh, f 1, . . . , V2r form the vertices of a triangulation of S, as pictured in 
Fig. u\ Now the orbit of {± through the identity is P±. Thus, from Eq. (1.7), we see that 



^i~^S = {(/l, ho,..., h2r-i;Co, Ci, . . . , C2r) S H^'+^ X G^'+^ 

I ^2J+1^2i+lC'2i ^2j £ U+ and /igj C2iC2^_ih2i-l G U-,}, 
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where the elements /i, /iq, . . . , /i2r-i G H and Co, Ci, . . . , C2r £ G denote the appropriately 
labelled holonomies in Fig. [7j 
On the other hand, 

^n©0r'= n ^' 

i Vi,...,V2r 

acting at the appropriate vertices. Thus, up to a gauge transformation, we may assume 
that ho = hi = ■ ■ ■ = /i2r-i = 1- Setting Si = CiC^_^, we see that that the quotient space, 
hol~^([- l)/([n nier2(0*)rp. )' can be identified with 

gA'h := {{h; S2r, . . . , Si;Co) e H x ([/_ x U+Y x G}. 
We compute the two form to be 

W = -l{{d{hC2r) {hC2rr\dCo C^^) + {{hC2r)-^d{hC2r) ,C^r-l^C2r-l) 

2r-l 

+ ^(c-MQ,c-\dC2._i)). 
j=i 

Substituting bC^ = hC2r in the first term and simplifying yields 
u = ^ ((dCo Cq-i, AdbdCo Co') + (dCo Co'S d6 b'^) + {dC2r C^,\h~^dh) 

+ ^(c-Ma,c-\dC2.-i)), 

i=l 

(here we have used the fact that (d52r 82^. ,h^^dh) = 0). Now, we haven't coloured the 
boundary of dT,, so Theorem |1.3| does not imply that cj is symplectic. Nevertheless, as we 
shall see later, Theorem 3.2 implies that u defines a quasi-Hamiltonian G x H structure on 
G-^H^ where the moment map g-^h ~^ Gx H is given by the holonomy along the (oriented) 
boundary components: 

(/i; 52r, • • • ,5*1; Co) — ;> (Cq hS2r---SiCo,h ), 

and the G and H actions on g-^h ^^^ precisely the residual gauge transformations. These 
act by G at xq and by H at xh'- 

{g, k) ■ {h- S2r, ..■,Si; Cq) = {khk-\ kS2rk-\ . . . , kSik-\ kGog~'), geG, k e H. 



Remark 1.3. This quasi-Hamiltonian G x H-space was first discovered by Boalch [7fl9], who 
used it to study meromorphic connections on Riemann surfaces. Realizing it as a moduli 
space is one of the motivations for considering quilted surfaces. 

1.4.2. Branched Surfaces. We can now consider examples where S is not a topological 
surface, i.e. where the domain walls may border more than two domains. 

Remark 1.4. Since our gauge fields (connections on S) are constrained to lie in c^ C 
®eeK-^(w) Se along the domain wall w G W, one may interpret c^ as a "conservation law" 
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Figure 8. Pictured above are three domains with structure Lie algebras 
3i, 02 and 93. The three domains intersect at a branch locus, which we 
must colour by a coisotropic subalgebra c C ©f^j^gj. 




for an interaction between the structure groups of the various domains glued to the domain 
wall w. 



Example 1.7 (iTp]). Let V = (Bf=iVi be a direct sum decomposition of a finite dimensional 
vector space, G = G\{V), and P+ C G the stabilizer for the flag 

FiCF2C---CFn = V, 

where Fj^. = (B^^iVi. Similarly, let P_ C G be the stabilizer for the flag 

FnC---CF2CFi = V, 

where Fk = ©r=fc^i- Finally, let Hi = G\{Vi) so that JILi Hi = P+nP-. Let H = l\7=i Hi, 
let U± denote the unipotent radicals of P±, and let 0,p±,u±, I), l)i denote the Lie algebras 
corresponding to the various Lie groups. 
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"O / ^ \ O \ = / c^ 



Figure 10. Each of the edges above are coloured by c^, where n is the 
number of domains branching off the given edge. As we cross a branch 
locus, the orientation of the domains reverses. As depicted, we may move 
branch loci past each other. 

Now consider the moduli space 

n 

GA'-H:={\{H.i)x{U-xU+ryiG 

i=l 

described in Example |1.6[ The coisotropic Lie algebra 

n n 

c± ■■= {(^ii^^ii + ^J) \ii^^i and/iGu±} C {®'^=i\)i) ® Q 

i=l 4=1 

defined in Eq. ( |1.8[ ) can be used to colour the branch locus of n + 1 domains with the 
structure groups Hi, ... , Hn and G. Thus we may interpret g^j/ as the moduli space of 
flat connections for the branched surface pictured in Fig. [9] 

Remark 1.5. The quasi-Hamiltonian space g-4// first appeared in the work of Philip Boalch 
[7l[9]. Realizing it as a moduli space is one of the motivations for considering branched 
surfaces. 

Example 1.8 (quasi-triangular structures). Let g be a quasi-triangular Lie quasi-bialgebra, 
i.e. g is a Lie algebra with a chosen element s G {S'^qY. Let D be the Drinfel'd double of 
g. This means that D is a quadratic Lie algebra, g C t) is a Lagrangian subalgebra, and 
p C t) is an ideal such that c) = g © p as a vector space. Additionally, the restriction of the 
quadratic form on to p = g* is sjj 

These properties uniquely define 0. In particular, the Lie bracket is given by 
where ad* denotes the contragredient representation of g. 
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There is a natural groupoid structure on t), where g is the space of objects and compo- 
sition is defined by 

(C + a)(e + /3) =e + a + /3 V^ G g, a G p,/3 G p^, 

and the source and target maps are 

s(^ + a)=C, t(^ + a) = ^ + s(a,-), ?G0,aGp 

The graph of multiphcation, 

(1.9) gr(Mult) = {{^7], C,rj) \ ^,rj £d are composable} C t) 5 ® 0, 



is a Lagrangian Lie subalgebra. See |15| and 24 for more details. 



Similarly, the graph of iterated multiplication 

is also a Lagrangian Lie subalgebra. As such it can be used to colour the branch locus of 
n domains each with structure group D (a connected Lie group with the Lie algebra £)). 
Note that crossing such a branch locus reverses the orientation of the domain. 

The associativity of multiplication on d plays out as follows: paying attention to the 



orientations, if (as in Fig. 10) we 

• move two branch loci past each other, or 

• break a Cm+n-2-coloured branch locus into two separate Cm and c^ coloured branch 
loci (or vice- versa), 

the resulting moduli spaces are canonically symplectomorphic. 

In fact, there is a clear interpretation of the the moduli spaces constructed by sewing 
domains together using the Lagrangian relations c„. One may identify them with certain 
traditional moduli spaces in the following way: Suppose that US^ — )• S is our c„-coloured 
surface with domains T,^- First we form a two sheeted (branched cover) S of S as follows: 
double each domain S^ to two sheets Ej" UE^, where the sheet E^ is canonically identified 
with E(i, while the sheet E^ is also canonically identified with E^ but with the opposite 
orientation. At each c^-coloured domain wall with incident domains E^^ , . . . , E^^ , cycli- 
cally glue the sheets E^ , . . . , E^ together along their corresponding boundary segment, 



respecting the orientations, as in Fig. 11 In this way, one constructs the oriented surface 
S. 

The groupoid inversion Inv : t) ---> 5, being a morphism of Lie algebras, integrates to an 
involution of the Lie group D. This involution in turn lifts to an involution 

of the connections on E, mapping the fibre of the principal bundle over the +-sheet to the 
fibre over the — sheet via Inv : D — t- D. The involution is a symplectomorphism which 
is compatible with the gauge transformations, and thus descends to a symplectomorphic 
involution on the moduli space, A4j.{D). The fixed points of this involution are naturally 
identified with the moduli space A4y,{D) of fiat connections on the original Cn-coloured 
surface. 
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CJ> 



CJ> 



C3 



i 



/^ / o \ 





7~^^A 




Figure 1 1 . We replace each domain in our branched surface by two copies, 
one with the same orientation (labelled +), and one with the opposite orien- 
tation (labelled — ). Each Cn-coloured domain wall is replaced by cyclically 
gluing the incident sheets together, respecting the orientations. In this way 
we obtain an oriented surface from our c^-coloured (branched) surface. 



1.5. Poisson structures. In this section, we will describe some Poisson structures which 
may be constructed using our approach. Later, in Section [5] we will generalize these results 
to the case where g is a quasi-triangular Lie quasi-bialgebra rather than a quadratic Lie 
algebra. 



Let (S, V) be a marked surface with boundary graph V. First, recall from Theorem 1.2 
that the moduli space M.T,y{G) for a marked surface (S, V) carries a [li^^ ,q^^ , G^r^.q^^si- 
Hamiltonian structure, where f = s © 0, the Lagrangian Lie subalgebra q^^ = q^ C t)^"" is 
embedded as the diagonal, and X)^^ acts on the e G ii^r-th factor of G^'^ via the vector field 



:i.io) 



i 



out(e) 



^in(e)' 



ii.v) ^ 0^' m""' 



.Vr 



Here the superscripts ^,^ denote left, right invariant vector fields. The bivector field on 
M.'£,y{G) is computed in Section 5.2 and leads to the result of p6| Theorem 3], which we 
summarize 



briefly^ 



5.2 



results in minus the bivector field described in 



26 



due to us 



In fact, the computation in Section 
orienting 9E in the opposite way. 

Strictly speaking, the bivector field on Mt,.v{G) depends on the choice of a complement i C 0^^ to 
[) = Q^^ . In this case, I can be chosen canonically as I :— g^ , where 

0a-{(C,-Og (0®0)}- 
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If a, 6 G ni(S, V), let us represent them by transverse smooth paths a, f3. For any point 
A in their intersection, let 



XiA) 



sign(A) :=sign(a,^;A) 



as in Fig. 12 



1 if A G as 

2 otherwise 

1 if (/3'|A,a'U) is positively oriented 
—1 otherwise. 



a 



/3 




/3 



a 



a 




P 




'■'[«aVa]" 

Figure 12. sign(^) = ±1 is determined by comparing the orientation of 
Q and P with that of S. The path [a~^ fiA\ is shown to the right. 



Let UA denote the portion of a parametrized from the beginning up to the point A. 
Finally, let 

(a, 6) ■.= Y,KA)s^gn{A)[a~^^PA] G ™i(S,y). 
A 
(When V contains only one point, this is a skew symmetrized version of the intersection 
form described in [38] ). 

Then for any a,h ^ ni($], V), 

1 



1.11 



vr ev 



l{g~^dg),es,l{g-^dg)) 



fAd, 



'(a, 6) 



Is, 



where eva,evfc : A4sy(G) = Hom(ni(S, 1/), G) — )• G denotes evaluation, s G g (8" g is the 
inverse of the quadratic form, and g~^dg denotes the left invariant Maurer-Cartan form on 
G. 

Example 1.9 (The two sided polygon, P2). Suppose (S,y) = P2 is the disk with two 
marked points and Ey = {61,62}, as in Fig. 13 Then we may identify M.p^{G) with G 
via gei (since ^62 = 9ei)- Under this identification, the bivector field is trivial, vrpj = 

(cf. (fel). 
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Figure 13. The cyclic product of holonomies, ge2gei, is trivial, so ge2 = dei 

1.5.1. Colouring edges. Suppose now that we colour each marked point i; G Vp with a 
Lagrangian subalgebra [^ C c), and each edge e G E-p with a submanifold 5e ^ G in a 
compatible way: Specifically, we require that 

S := Yl SeQ G^r 

be [-invariant, where 

veVr 
and the action is given in Eq. (1.10). Then Theorem 1 1 . 1 1 implies that 



Mred:= f^'HS) /{ing^n 

is a Poisson manifold (provided it is a manifold). 

It is not difficult to describe the bivector field on fi~^{S)/{lr\ Q^^). First, let 0a ^ t* 
denote the diagonal and 0^ — '' ^^^ off-diagonal: 

0A:={(C>-Oe(0e0)}. 

Each Lagrangian Lie subalgebra [^ C O^r defines an element Ty G A^([)/(ln f))) by the 
equation 

[„ = {(a + T^a) I a G 0A' («> ^v n 0a) = 0} + [„ n 0a. 
Here r^Q G 0a/(Ii; H 0a) is defined by 

when we represent Tj, as r^, = ^ Yli j ^v ii ^ ij- 
We have the following theorem: 

Theorem 1.4. If the intersection, fi~^{S), of S x A^E,y(G) with the graph of fi is clean, 
and the In q^ -orbits of fi~^{S) form a regular foliation, then the bivector field 

^+Y1 ^-(^-) e r( A^ T{p-Hs))/pH n 0^0) 

v&Vr 
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is Ing^'" invariant and descends to define the Poisson structure on fi^^ (S) / {ICi q^^) . Here 
p : g^r — ;• X(7Ws,y(G)) denotes the action by infinitesimal gauge transformations at the 
marked points, and p^ is the restriction of p to the v € V^-th factor. 

Moreover, for any l-orbit O Q S, the image of ii~^{0) in p~^{S)/{l H g^^) will be a 
symplectic leaf. 



Proof. This will follow from Theorem 3.3, while the statement for the symplectic leaves 



will follow from Theorem 13.21 D 



Remark 1.6. As in Section 1.4, one may also sew domains together to obtain Poisson 
structures on the moduli spaces of branched surfaces. The general reduction statement is 
Theorem I 



Example 1.10 (Double Poisson Lie group [26]). Suppose that g = e©f as a vector space, 
where e, f C g are Lagrangian Lie subalgebras, and that e, f C g integrate to Lie subgroups 
E,F <^ G such that E D F = 1. Let S be a disk with two marked points labelled as in 



Fig. [I4| We colour the edges with the full group G, 

Oei ^ G, be2 = G, 



and the vertices as 



Therefore, 



lv^=C® f, ^«2 = f © f • 



p \S)=Mp2 = {{gi,g2)£GxG\gig2 = l}. 
Meanwhile the residual gauge transformations, 

^^, n gA = 

vGVt 

(since ePlf = 0). Thus we may identify the moduli space Aired — G, via the map (51, 52) 
91- 




Figure 14. The double Poisson Lie group. The holonomies gi € G satisfy 
ffi52 = 1- 
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Figure 15. The Poisson Lie group. The holonoinies g & G and e £ E 
satisfy eg = 1. 



Next, we compute the bivector field, vr = irp^ + PviiTvi) + Pv2{tv2)- Now, as explained in 
TTp^ = so only the term J2i Pvii^Vi) contributes. Now, 



Example 



l.( 



Tvi = ^ ^{C, C) A iVi, m), r^2 = ly ^{Vi,Vi) A id, Ci), 



i I 

where {rji} C e and {C*} C f are basis in duality. Therefore 

^=jE(C¥A(^.)^ + (r?,)^A(C) 



i\R 



In fact, vr defines the Poisson Lie group structure on G corresponding the double Lie 
bialgebra structure on g resulting from the Manin triple (g, e, f) I26ii28j. The symplectic 
leaves are computed as the restriction of the l-orbits, which in this case can be seen to 
correspond to the orbits of the dressing action on Gjj 

Example 1.11 (Poisson Lie group |26|). Suppose the Lie groups G,E,F and their Lie 



algebras are as in Example 1.10, and let S be a disk with two marked points, as in Fig. 15 



We colour the vertices as in Example |1.10[ but we colour the edges as 

Dei ~ -^J '-'62 ~ ^• 

Therefore, 

fi~HS) = {{e,g)eExG\eg = l}, 
while the residual gauge transformations are trivial, as before. Thus we may identify the 
moduli space Aired — E, via the map {e,g) — >• e. 

The bivector field, vr, on E is computed to be the restriction of the bivector field 



lY.(^')''^{m)'' + {vi)''/\iC)''. 



on G to E O G. Thus, vr defines the Poisson Lie group structure on E corresponding 



the Manin triple (0,e,f) 126,28 . As before, the symplectic leaves are computed as the 



restriction of the [-orbits. Once again, they are precisely the orbits of the dressing action 
on E. 



^In fact computing the symplectic leaves via Theorem 1.4 is precisely the computation found in 23 . 



24 DAVID LI-BLAND AND PAVOL SEVERA 






Figure 16. The Poisson homogeneous space corresponding to the La- 
grangian Lie subalgebra f) C g. The holonomies g & G and e € E satisfy 
eg = 1. 

Example 1.12 (Poisson homogenous spaces). Suppose the Lie groups G,E,F and their 
Lie algebras are as in Example 1.10[ and let S be a disk with two marked points, as in 



Fig. 16 Suppose further that f) C g is a Lagrangian subalgebra such that fi := f) n e 



integrates to a closed Lie subgroup K <^ E. We colour the edges as in Example |1.11[ but 
we colour the vertices as 

Therefore, 

l^-\S) = {{e,g)€ExG\eg = l}, 
while the residual gauge transformations are G x K acting as 

{g,k) : (e,g) -^ {ek'^,kg). 

We may identify the moduli space Aired — E/K, via the map {e,g) — )• [e]. The Poisson 
structure on Aired is the Poisson homogenous structure corresponding to the Lagrangian 
Lie subalgebra f) C g in Drinfel'd's classification 116] . We leave it to the reader to compute 



the bivector field and symplectic leaves on E/K via Theorem 1.4 



Example 1.13 (Affine Poisson structure on G [28]). Generalizing the setup found in Ex- 



ample 1.10, we suppose that f) ^ g is a Lagrangian subalgebra which is also complementary 



(as a vector space) to e C g. As in Example 1.10, we colour the edges with the full group 
G, but the vertices as 



(cf. Fig. 17). As before, we have fi~^{S) = M.p2, and the residual gauge transformations 
are trivial. Thus, we may identify the moduli space M.red — G, via the map (51, 92) — ^ gi- 
Meanwhile the bivector field, vr, is 



TT 



jE(Cf¥^(^*)^ + (^^)''^(^^)''' 



where the bases {0} C f and {Q} C f) are both dual to {rji} C g. In fact, vr defines the 
affine Poisson structure on G corresponding to the Manin triples (g,e,f) and (g,e,f)) (as 
described by Lu [28j). The symplectic leaves are computed as the restriction of the l-orbits. 
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Figure 17. The affine Poisson structure on G. The holonomies gi € G 
satisfy gig2 = 1. 




Figure 18. Lu-Yakimov Poisson homogenous spaces. The holonomies gi £ 
G satisfy gig2 = 1. 



Example 1.14 (Lu Yakimov Poisson homogenous spaces [26]). Suppose the Lie groups 



G,E,F and their Lie algebras are as in Example 1.10, and that C C G is a closed Lie 



subgroup whose Lie algebra c C g is coisotropic. Let S be a disk with two marked points 

the edges 

^€2 — G, 



and edges and vertices labelled as in Fig. [T8j We colour the edges with the full group G 

Sei = G, 

and the vertices as 



^ = [c = {(e,Oec®c|^-e'Gc^}, 



V2 



fee 



(cf. Fig. [18]). Therefore, 

^~\S) = Mp, = {(51,52) eGxG\ gm = 1}. 
Meanwhile the residual gauge transformations, 

v&Vr 

where c,,o = {(^,0 € c © c} C i^^. Thus, up to a gauge transformation, ((71, 52) ~ 
{gic~^,cg2) (for any c G C), and we may identify the moduli space Aired — G/C, via 
the map (51,52) ^ [oi]- 
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The bivector field, tt, on G/C can be computed to be the projection of the bivector field 

i 

on G to G/G . Thus, vr defines the Lu-Yakimov Poisson structure on G/G corresponding 
the Manin triple (g, e,f) ^^. 

2. Background 

2.1. Courant algebroids. Courant algebroids and Dirac structures are the basic tools in 
the theory of generalized moment maps. 



Definition 2.1 ( [27]). A Courant algebroid is a vector bundle E — )■ M endowed with a 
non-degenerate symmetric bilinear form (•, •) on the fibres, a bundle map a : E — )• TM 
called the anchor and a bracket |-, •] : r(E) x r(E) — )• r(E) called the Courant bracket 
satisfying the following axioms for sections 61,62,63 G r(E) and functions / € G°^{M): 

Cl) [61, [62, 6311 = 1161,621,631 + [62, [61,6311, 
C2) a(ei)(62,63) = ([61,621,63) + (62,[ei,63l), 

c3) [61,621 + [62, 61I =a*d(6i, 62). 
Here a* : r*M — ^ E* = E is the map dual to the anchor. 

A subbundle -E C Ej^ along a submanifold S C M is called a Dirac structure with 
support on S if 

ei|5,e2|ser(£;)^[6i,62ll5er(^), 

(it is involutive) and E = E (it is Lagrangian). If 5" = M, then E is simply called a Dirac 
structure. 



Remark 2.1. As shown in [31,39 , one may also derive the following useful identities from 
the Courant axioms: 

C4) [6l,/62l=/[6l,62l + (a(6l)/)e2 

C5) [/6l,62l = /[6l,62l - (a(62)/)ei + (6l,62>a*d/ 

c6) a[6i,e2l = [a(6i),a(62)] 

For any Courant algebroid E, we denote by E the Courant algebroid with the same 
bracket and anchor, but with the metric negated|_[ 

Example 2.1. A Courant algebroid over a point is a quadratic Lie algebra. Dirac struc- 
tures are Lagrangian Lie subalgebras. 

Example 2.2 (Standard Courant algebroid [l2][l3j). The vector bundle TM := TM®T*M 
is a Courant algebroid with metric 

(ui +/xi,t;2 +^2) = Aii(f^2) +Ai2('Vi), vi,V2 GTM, /ii,/i2GT*M 

and bracket 

lX + a,Y + pj = [X, Y] + CxP - iyda, X,Y e X{M), a, /3 G n^{M). 

Note that this also negates the map a* : T* M — >• E* = E, so axiom c3) stiU holds. 
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The standard Courant algebroid is an example of an important class of Courant alge- 
broids called exact Courant algebroids. 

Definition 2.2 (Exact Courant algebroids [33 37 ). A Courant algebroid E — t- M is called 
exact if the sequence 



O^T*M 



E 



TM -^ 



(2.1) 
is exact. 

If a Dirac structure E OEis supported on 5 C M, then a{E) C TS, and a* (ann(r5)) C 
E. 

Definition 2.3 (Exact Dirac structures). Suppose E — )■ M is a Courant algebroid (not 
necessarily exact), and £^ C E is a Dirac structure with support on 5 C M. We say that 
E is an exact Dirac structure if the sequence 



(2.2) 
is exact. 







ann{TS) ^E ^TS^O 



Lemma 2.1. Suppose E — )• M is a Courant algebroid, and E <^ E, is a Dirac structure 
with support on S (^ M . Then the following two statements are equivalent: 
(1) E is an exact Dirac structure. 



(2) The Courant algebroid E is exact along S (that is, the sequence Eg. (2.1) is exact 
at every x G S), and a : E ^ TS is surjective. 



Proof. Let x G S, and consider the commutative diagram 

a* _ a 







ann(T^5) 



T*M 







r*M/ann(T,5) 



E,^ 



E. 



E* 



ns 



nu 



T,M/T,S 







Note that the vertical sequences are exact. 

Suppose that E is an exact Dirac structure. Then the top horizontal sequence is exact, 
by assumption. The lower horizontal sequence is dual to the top sequence, and hence also 
exact. The five lemma then implies that all terms in the long exact sequence vanish. In 
particular, the central horizontal sequence is exact. 

Conversely, suppose that the Courant algebroid E is exact along S and a : Ex ^ TxS 
is surjective (and hence T*M/ar\r\(TxS) — )• E* is injective). Once again, the five lemma 
implies that all terms in the long exact sequence vanish. We conclude that E is an exact 
Dirac structure. D 
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Example 2.3 (Action Courant algebroids [23]). Suppose D is a Lie algebra equipped with 
an invariant metric. Given a Lie algebra action p: c) — )• X(M) on a manifold M, let 
E = c) X M with anchor map a(^, m) = p{(,)m, and with the bundle metric coming from the 
metric on d. As shown in |23|, the Lie bracket on constant sections d C C°°{M,D) = r(E) 
extends to a Courant bracket if and only if the stabilizers dm ^ t) are coisotropic, i.e. Dm 2 



c)^. Explicitly, for ^1,^2 e r(E) = C°°{M,d) the Courant bracket reads (see [23| § 4]) 

(2.3) [6,61 = [ei,6] + /:p(a)6-^p(6)6 + /'*(d6,e2). 

Here p* : T*M ^ d x M is the dual map to the action map p: d x M —?- TM, using the 



metric to identify 5* = 5. We refer to x M with bracket (2.3) as an action Courant 
algebroid. 

Example 2.4 (Cartan Courant algebroid |37J). Suppose g is a Lie group endowed with an 
invariant metric, (•, •). We let g denote the Lie algebra g with the metric negated, — (•, •). 
Suppose G is a Lie group with Lie algebra g and which preserves the metric. The Lie 
algebra g © g acts on G by p : (g © g) x G — > TG, 

where £,^,C^ G X(G) denotes the left/right-invariant vector field on G which is equal to 
.^ S g at the identity element. 

The stabilizer at the identity element is the diagonal subalgebra, gA ^ g © g which is 
Lagrangian. Now p is equivariant with respect to the G-action on (g © g) x G given by 

g' ■■ (6 ri; g) -^ (Adg,^ 7?, g' ■ g), g' G G, (C, ??; 5) S (g © g) x G, 

and the left action of G on TG. Since this action is transitive on the base of the vector 
bundles and G preserves the metric on g, it follows that all stabilizers are Lagrangian. 
Thus (g © g) X G is an action Courant algebroid, called the Cartan Courant algebroid. 
The diagonal subalgebra gA ^ (g © g) defines a Dirac structure 

gA X G C (g © g) X G 

called the Cartan Dirac structure. 

Remark 2.2. The Cartan Courant algebroid was first introduced in |37], and later simplified 
to the above description in [I]. The Cartan Dirac structure was discovered independently 
by Alekseev, Severa and Strobl [3,22,37 . The description given above was found in [l] 



The Dirac structure of central focus in this paper is the following generalization of the 
Cartan Dirac structure. 

Example 2.5 (F- twisted Cartan-Dirac structure). Suppose F is a permutation graph, with 
edge set £'r, vertex set Vr, and (bijective) incidence maps 

in, out : Er -^ Vr. 

The diagonal subalgebra g^"" ^ (g © g)^r jg Lagrangian, and hence so is its image 

gr:={m(Bouty{g^) C(0©g)^r 
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V 



(a) The F-twisted Cartan Courant alge- 
broid. Here in(e) = v — out(ti'), where 
t' £ Vr is the vertex and e, e' G E-p are edges. 



(b) The element ^^'^ e Q^^ = flr of the T- 
twisted Cartan Dirac structure acts diago- 
nally by ^" at the vertex v. 



under the isomorphism (in © out)' : (3 © g)^^ — > (0 © fl)^^- 
Thus 

is a Dirac structure, called the F-twisted Cartan Dirac structure. 

The following picture can be helpful. We associate a copy of the Courant algebroid 



vertex, as pictured in Fig. 19b 



(0 © g) X G to each edge, as in Fig. 19a The Dirac structure 0r acts diagonally at each 



Remark 2.3. F-twisted Cartan-Dirac structures were discovered independently by Alejan- 
dro Cabrera, who provides their construction in terms of Dirac reduction of the Lie-Poisson 
structure on the dual of the loop Lie algebra, ^2^(5^,0). 

Remark 2.4. The following was explained to the authors by Eckhard Meinrenken. Suppose 
or : Vr — )• Vr is the permutation induced by F (by the discrete flow along the edges of F) , 
and consider the group Gbig := G^^ xi Z, 

{g,i).{g\i') = {g{al)\g'),i + i'), 

where (((Tp)'(5'))^ = (fi'Oo-Ut)) ^^ ^"^Y ^ ^ ^r- Consider the embedding of manifolds 

((in-i)', -1) : G^r _^g^^ >^'L = Gbig. 

The Lie algebra of Gbig is 0^"" , and for every ^ G 0^'" , the left and right invariant vector fields 
^^,i^ £ ^(Gbig) restrict to the e G ^r'th factor of ((in"^)', -l){G^^) as ^^^^^^ and Cfut(e)' 
(respectively). Thus, the F-twisted Cartan-Dirac structure on G^^ may be canonically 
identified with the restriction of the Cartan-Dirac structure on Gbig to ((in^ )•, — l)(G^'"). 

2.2. Courant relations and morphisms of Manin pairs. 

2.2.1. Relations. A smooth relation S: Mi ---> M2 between manifolds is an immersed 
submanifold S C M2 x Mi. We will write mi ~5 m2 if {m2,mi) £ S. Given smooth 
relations S: Mi ---> M2 and S' : M2 ---> M3, the set-theoretic composition S" o S* is the 
image of 

(2.4) S'oS = {S' X S)n (M3 X (M2)a X Mi) 

under projection to M3 x Mi, where (M2)a ^ M2 x M2 denotes the diagonal. 
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We say that the two relations compose cleanly if (2.4) is a clean intersection in the sense 
of Bott (i.e. it is smooth, and the intersection of the tangent bundles is the tangent bundle 
of the intersection), and the map from S' o S* to M2 x Mi has constant rank. In this case, 
the composition S' o S : Mi ---> M3 is a well-defined smooth relation. See [24. Appendix 
A] for more information on the composition of smooth relations. For background on clean 
intersections of manifolds, see e.g. (Isl page 490]. 



For any relation S : Mi ---> M2, we let S : M2 ---> Mi denote the transpose relation, 
S~^ = {(mi, 7712) G Ml X M2 I (m2,mi) G S}. 



2.2.2. Courant relations. As popularized by the second author 133135 , Dirac structures 



can be interpreted as the 'canonical relations' between Courant algebroids: 

Definition 2.4 (Courant relations and morphisms [5| |11[[35] ). Suppose Ei — )• Mi and 
E2 — )• M2 are two Courant algebroids. A relation 

R:Ei --4E2 

is called a Courant relation if i? C E2 x Ei is a Dirac structure supported on a submanifold 
S C M2 X Ml. A Courant relation is called exact if the underlying Dirac structure is exact. 

When S = gr(;u) is the graph of a smooth map fi : Mi — t- M2, R is called a Courant 
morphism. 

We define the range ran(i?) C E2I5 and the kernel ker(i?) C E2I5 of R by 

ran(i?) := {e E E2IS I e' ~ij e for some e G Ei} 
ker(ii) :={eEEi|<5 | e ~ij 0}. 



As an example, any Dirac structure S C E defines a Courant morphism 

£^ :E — > * 

to the trivial Courant algebroid (or a Courant relation from the trivial Courant algebroid). 
Similarly, the diagonal Ea C E x E defines the Courant morphism 

Ea :E— ^E 

corresponding to the identity map. 

The key property of Courant relations is the ability to compose them: 



Proposition 2.1 (l24l Proposition 1.4]). Suppose R : Ei ---> E2 and R' : E2 ---> E3 are 
two Courant relations which compose cleanly, then their composition, 

R' oR:Ei — ^Ea, 

is a Courant relation. 

Example 2.6 (Standard lift). Suppose S : Mi — )■ M2 is a relation, then the standard lift 
of 5, 

Rg ■= TS e ann(T5) C TM2 x TMi, 
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defines a Courant relation 

Rs : TMi --^ TM2. 

Example 2.7 (Coisotropic subalgebras). Suppose is a Lie algebra equipped with an 
invariant metric. A subalgebra c C t) is said to be coisotropic if C"*" C c. In this case, C"*" C c 
is an ideal, and the metric on D descends to define a metric on 

d, := c/c^. 

The natural relation 

Rc-.d-^dc, e~i?c^ + c^ for^Gc, 

is a Courant relation, where (^ + c ) G c/c denotes the equivalence class of ^ G c. 
For any Lagrangian subalgebra f) ^ f, Proposition |2.1| implies that 

f)c := iic o t) = (ti n c)/([i n c^) 

is a Lagrangian subalgebra of d^- 

2.2.3. Morphisms of Manin pairs. A pair (E, E) consisting of a Courant algebroid, E, 
together with a Dirac structure i? C E is known as a Manin pair [2,11. 



Definition 2.5 (|11|). Suppose Ei — t- Mi and E2 — )■ M2 are two Courant algebroids. A 
Courant morphism 

R:Ei --4E2, 
supported on the graph of a map fi : Mi — ;■ M2 , defines a morphism of Manin pairs, 

(2.5) R:{Ei,Ei)-^{E2,E2) 
if 

ml) RoEiC E2, and 
m2) ker{R) n Ei = 

Here ker(i?) := (0 x 1^) n R. 

The morphism of Manin pairs, (2.5 ), is said to be exact if the underlying Dirac structure 
is exact. 

Suppose 

(2.6) R' ■.{E2,E2)-^iE3,E3) 

is a second morphism of Manin pairs. Conditions (ml) and (m2) imply that the composition 
of relations R' o R is clean. Moreover, the composition defines a morphism of Manin pairs 

(2.7) R'oR:{Ei,Ei)-^{E3,Es), 

(cf. m- 

Remark 2.5. In f25], a morphism of Manin pairs, (2.5) was said to be full if the map 

was a surjection. The concept of exact morphisms of Manin pairs is a stronger, but more 
natural, condition. 
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If (2.5) is a morphism of Manin pairs, then there exists map pa : p*E2 — )• Ei uniquely 



determined by the condition 

(2.8) pR{e) ~/j e, e G E2. 



The induced map of section p^ : T(E2) — )• r(£'i) is a morphism of Lie algebras. Thus (2.5 ) 
defines an action of E2 on Mi which factors through the action of Ei. 

2.3. Quasi-Hamiltonian manifolds. If (E, E) is a Manin pair, a quasi- Hamiltonian 
{K, E) -manifold in the sense of lllJ is a manifold M together with a morphism of Manin 
pairs 

{TM,TM) -^ {E,E). 

We shall say that the quasi-Hamiltonian space is exact (or quasi- symplectic) if the mor- 
phism of Manin pairs is exact. To simplify notation (when M is a complicated expression), 
we will often denote the Manin pair on the left as (TM,TM) = {T,T)M. 

Example 2.8 (Poisson and symplectic structures). Let denote the trivial Courant alge- 
broid over a point. Consider a morphism of Manin pairs 

(2.9) R: {T, T)M -^ (0,0). 

In this case, R C TM is just a Dirac structure with support on all of M. Condition (ml) 
is vacuous, while condition (m2) is equivalent to i? n TM = 0. As explained in |12[|13] , it 
follows that 

R = gr(7r») := {(7r(a, ■) + a) \ a e J^^(M)} C TM 

is the graph of a Poisson bivector field vr G 3C^(M). In this way, there is a one-to-one 



correspondence between morphisms of Manin pairs of the form (2.9) and Poisson structures 
onM fill. 



Equation (2.9) is an exact morphism of Manin pairs if a|/j : gr(7r') — t- TM is a surjection. 
Equivalently, 

tt" : T*M -^ TM 

is an isomorphism, or the Poisson structure on M is symplectic. In this way, there is a 



one-to-one correspondence between exact morphisms of Manin pairs of the form (2.9) and 
symplectic structures on M |j25j. 

The Poisson and symplectic structures that appear in this paper will all arise in this 
way. 

Example 2.9 (iiJ-invariant submanifolds) . Let (E, E) be a Manin pair over a manifold N, 
and suppose M C A^ is an iiJ-invariant submanifold, i.e. a{E\M) ^ TM. Then 

a*\M:T*N\M^E 

descends to a map 

a*\M : T*M ^ T*N/ann{TM) -^ E. 
As in [24| Example 1.6], define the Courant relation Re,m '■ TM ---> E by 

a(e) + i*a ^r^ j^j e + a*Q, e £ E, a £ T*N, 
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where i : M ^ N denotes the inclusion. Then 

(2.10) Rem-{^,T)M-^{¥.,E) 

is a niorphism of Manin pairs. 



Moreover, (2.10) is an exact niorphism of Manin pairs if and only if a(ii^|jv/) = TM and 



the Courant algebroid E — )• A^ is exact along M. 



Remark 2.6. In fact, Eq. (2.10) is the unique morphism of Manin pairs supported on gr(i). 
To see why, suppose 

R: (T,T)M--^ (E,^) 

is such a morphism of Manin pairs. Since R is supported on gr(i), we must have 

i*a ~ij a*a, 

for any a S T*N . On the other hand, as explained in |11[ Proposition 3.3], for any e S E\m 
there exists a unique X E TM such that 

X ~/j e. 

Since R is supported on gr(i), we have i*X = a(e), or X = a(e). Thus R = Re,m- 

3. QuASI-HAMILTONIAN REDUCTION 

3.1. Reduction theorems. Let ^ be a quadratic Lie algebra acting on a manifold A^ so 
that all the stabilizers are coisotropic, and let f) C be a Lagrangian Lie subalgebra. We 
shall consider the following special case of general quasi-Hamiltonian (E, £')-manifolds. 

Definition 3.1. A quasi-Hamiltonian (t), f)) x N -manifold is a manifold M together with 
a morphism of Manin pairs 

(T,r)M-^ (t),f)) xN. 

It is exact (or quasi- syvfiplectic) if the morphism is exact. 



Example 3.1. If t) = and A^ is a point then (as we saw in Example 2.8) a quasi- 
Hamiltonian structure is the same as a Poisson or (in the exact case) symplectic structure. 
More generally, a quasi-Hamiltonian (0, 0) x A^-structure on M is equivalent to a Poisson 
structure on M and to a map ^ : M ^ N such that fi*{C°^{N)) C C°°{M) is in the 
Poisson centre. 

If g is a quadratic Lie algebra then an exact quasi-Hamiltonian (0©0,0a) x G-structure 
on M is equivalent to a quasi-Hamiltonian G-structure in the sense of Alekseev, Malkin 
and Meinrenken. If f) is a Lie algebra then a quasi-Hamiltonian (f) x i}*) x f)*-structure 
on M is equivalent to a Poisson structure on M together with a moment map M — t- f)* 
generating an action of f). In the exact case the Poisson structure is symplectic. 

In this subsection we present a reduction procedure, which will be the main tool used 
in our study of the moduli spaces of flat connections. 

Definition 3.2. Let M be a quasi-Hamiltonian (d, I)) x A^-manifold. Reductive data (c, S) 
consists of a coisotropic Lie subalgebra c C i) together with a c-invariant submanifold 
S* C A^ such that 
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rl) the c-'"-orbits in S form a regular foliatiorn with quotient qn '■ S ^- N^^s^ 
r2) the graph gr(/i), where fj, is the underlying map M ^ N, intersects S x M cleanly, 
and the f)nc-'--orbits in fi~^{S) form a regular foliation with quotient qm ■ fi~^{S) — >■ 

Theorem 3.1 (Quasi-Hamiltonian reduction). Suppose {c, S) is reductive data for a mor- 
phism of Manin pairs 

(3.1) R:{T,T)M-^{d,i))xN. 
Then 

(3.2) R,^s : (T, r)M,,s -^ (c)„ (),) x N,,s 
is a morphism of Manin pairs, where 



RcS ■=R2oRoR 



1 5 



i?2 := Re X (gr(gAr) o gr(iAr)^), 

i?i := Rgj^j ° RiM^ 
ij\[ : S ^ N and zm '■ fJ-^^iS) — )• M are the canonical inclusions, and R^ : t) --■> Of and i)^ 



are as in Example 2.1. 



The first two statements in Theorem 1.1 follow as consequences of Theorem 3.1 



Theorem 3.2 (Quasi-Hamiltonian reduction in the exact case). //, in the setup of Theo- 
rem 



3.1. the following additional assumptions hold: 
c acts transitively on S, 



(3.1) is an exact morphism of Manin pairs. 



then 



(3.2) is an exact morphism of Manin pairs. 



The third statement in Theorem |1 . 1| follows as a consequence of Theorem 3.2 
We delay the proof of both these theorems to Appendix \K\ 
Notice that if c C t) is Lagrangian then the reduced manifold is Poisson or (in the exact 
case) symplectic, as Oc = 0. 



By a regular foliation, we mean that the leaf space carries the structure of a smooth manifold for which 
the quotient map is a surjective submersion. 



SYMPLECTIC AND POISSON GEOMETRY OF MODULI SPACES 35 

3.2. Bivector fields and quasi-Poisson structures. In this section we shall explain 



Theorem 3.1 in more traditional terms, using bivector fields. 
Suppose that 

R: {T,T)M -^ (c),f)) xN 

is a morphism of Manin pairs over fi : M ^ N, and the subspace £ C is a Lagrangian 
complement to f) C 5: that is, = f)®^. Then axiom (ml) of Definition |2.5| implies that R 
composes transversely with t, while property (m2) implies that toR Q TM is a Lagrangian 
complement to TM. Thus there exists a unique bivector field vr^ G jC^(M) such that 

toi? = gr(7r«) :={(7rt(a,-) + a) | a€T*M}. 

The triple {d,l);t) is called a quasi-Manin triple, and (M, 7r{,/9j^) is called a Hamiltonian 
quasi-Poisson (t), [);t)-space with moment map // : M — )• A^ (cf. [Iiyi9| ). The bivector field 
TTf is called a quasi-Poisson structure. 

Suppose that (c, S) is reductive data for the morphism of Manin pairs R. We want to 
reinterpret Theorem |3.1| using the language of quasi-Poisson geometry. Thus we will be 
interested in Lagrangian complements to the reduced Lie algebra t}c. 

Lemma 3.1. Each Lagrangian complement i[ C 5,. to f)c defines an element 

Proof. Suppose i[ Q t)^ := c/c"*" is a Lagrangian complement to [}^. Let R^ : d ---> Oc be the 



relation described in Example 2.7, and define t' := t[o R^ C c. Now t' can be seen as the 
graph 

«' = {(e + T»(e) + r/) I e G «, (C, •)|f,nr = 0, and 7? e f) n !'} 

of a map 

T« : ann(f) n i') ^ {[)/{i) n i'))* -^ i)/{i) n t'), 

where ann(f) n i') := (f) n f )-^ n t Let r G f)/(f) n !') (g) f)/(f) n f ) be the element defined by 
T^{S,) = t(^, •), then the fact that t' is Lagrangian forces r to be skew-symmetric. Finally, 
since f, + f)c = c/c-^ we have f)+f = f) + c. Hence f^flf = fjPlc-^. Thus r G A2(f)/([)nc-^)). D 

Theorem 3.3. Suppose that (c, S) is reductive data for the morphism of Manin pairs 

(3.3) R:{T,T)M-^{d,i))xN, 

and (M, vTfj/j/j) is the Hamiltonian quasi-Poisson {d,i};t) -space corresponding to the La- 
grangian complement i QD to \). Let 

/?,,5:(ir,T)M,,5--^(c)c,f)c)xiV,,5 



denote the reduced morphism of Manin pairs described in Theorem 3.1, and let [M^^s^ "^c > PRc 
be the Hamiltonian (c),;, l)^^; t[)-quasi Poisson manifold corresponding to a chosen Lagrangian 
complement i[ t o {)e. 
As in Lemma 



3.1 



let T G A^(f)/(f) n C"*-)) be the element corresponding to i[. Then 

(vTf + /5i?(T))|^-l(5) 
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is an i) n c-^ -invariant section of f\^ (T{ii^^ {S)) / pr{\) n C"*-)) which is mapped to vr^/ under 
the surjective submersion fj,^^{S) — )• Mf^^s- 



Proof. Let R^ : f ---> Oc be the relation described in Example |2 .71 Let fi : M ^ N denote 
the map supporting R, and let 

Ri,, : Tfi-HS) -^ TM, fi,„ : Tfi-\S) -^ TAf,,5 

denote the standard lifts of the inclusion and projection, respectively. Then 

gr{Trl,)=i',oR,oRoR,^^oR^^^. 

Now, as explained in Lemma |3.1[ 

(3.4a) i[ oR,=t' := {(^ + r»(0 + v) \ ( ^ i, iC, •)lf,nc^ = 0, and r/ G f) n c^}. 

Meanwhile, since gr('7r|) = to R, it follows that 

(3.4b) X + a^R^ + ri, ^et,ve\j^X = pR{r]) + ttJq, and ( = jo p\a, 

where j : f)* — )• ^ inverts the isomorphism t — t- O/f) = fj*. 



Using Eqs. |3.4| we compute 
t[oR,oR = {(p^(,;) + (7r{ + p(r))V)+«)ke (l n c"^ and a G ann(pR(f) n c"^))}. 

This shows that ttj + p(r) is () n C"*" -invariant. Moreover, i[o R^ <Z c and thus elements of 
t[ o R^ act to preserve 5. In turn, this implies that 

K + p(r)) 1^-1(5) G r(^ A^ (rM|^-i(s)//5ij(f) n c^)) 

is in fact a section of A^(T^"^(S')/p/j(f) n C"^)). 
Now, gr(7r;,) = f, o ij, o i? o i?,;^^ o i?T^, i.e. 

(gM)*(^« + /'('^))U'H5) =^t',- 

D 

3.3. Exact morphisms of Manin pairs and 2-forms. In this section, we will examine 
exact morphisms of Manin pairs in more detail. We recall from [llj|25j that once isotropic 
splittings are chosen, these are uniquely determined by a map between the underlying 
spaces, and a 2-form on the domain. This description in terms of 2-forms can be useful for 
simplifying calculations. 

Suppose E is an exact Courant algebroid over N. That is, the sequence 

(3.5) -^ T*N ^ E A TiV ^ 



is exact. Let s : TN — t- E be a splitting of Eq. (3.5) such that s(TN) C E is isotropic (such 
splittings are called isotropic splittings). Then, as explained in |37j, the formula 

ixiyizl ■■= MX), s{Y)ls{Z)), X,Y,Ze X{N) 
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defines a closed 3-form, 7 E il^(A^), called the curvature 3-form of the splitting s. The 
isomorphism s © a* : TN (BT*N ^ E identifies the metric on E with 

{X + a,Y + P) =a{Y) + l3{X), X,YeTN, a,(3eT*N, 

and the bracket with 

(3.6) lX + a,Y + l3j = [X,Y]+Cxl3-iYda + LxiY7, X,Y£X{N), a,f3. 



The Courant algebroid with underlying bundle TN (BT*N, and bracket given by Eq. (3.6) 
is called the ^-twisted exact Courant algebroid over N, and denoted by T^A^. 



Example 3.2 (The Cartan Courant algebroid [37]). The Cartan Courant algebroid 

(0 © g) X G 



reviewed in Example 2.4 is exact. In [1] it is shown that the map s : TG — )• (0 ® 5) x G 
defined as 

s:X^^{- ix{dgg-^),tx{9-^dg)), X e TG 

is a (0©0)-invariant isotropic splitting of the Cartan Courant algebroid. The corresponding 
curvature 3-form is computed as 7 = ^{{g~^dg, g~^dg], g~^dg) (note that the normaliza- 
tion differs from that in |l|). 

Suppose L C E is a Lagrangian subbundle with support on 5" C A^, such that a(L) = TS, 
then there is a 2-form w S O^(S') uniquely determined by the formula 

ixiyuj = {s{X),e), X,Y eTS, ee L and a(e) = Y. 

Thus, we may identify L with 

L = gr{J) ■.= {{s{X) + ai*{Lxuj + a)) \X €TS,a£ ann(r5)} C E. 



A quick calculation using Eq. (3.6) shows that L is a Dirac structure with support on S if 



and only if dw = i*j, where i : S ^ N is the inclusion (cf. [37] and [TT| Proposition 2.8]). 
Suppose 

R:TM --^E 

is a Courant morphism supported on the graph of a map fi : M ^ N. Since E is an 
exact Courant algebroid, R is exact if a(i2) = Tgr(/^) (cf. Lemma 2.1), in which case the 
considerations above show that 

R = gr{J) C E X TM, 
where u G ^'^{M) = n^(gr(/i)) satisfies do; = ^*7 11,25 . That is, R = R^^^j, where R^^^ 



is defined by 

(3.7) X-ixuj + fi*a ~R,,,„ sifi^X) + a*a, X £ TM, a G T*N. 

In particular, if i? C E is a Dirac structure, once an isotropic splitting s : TN — t- E is 
chosen, a morphism of Manin pairs 

R: (T,r)M--^ (E,^) 
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is entirely determined by the underlying map fi : M ^ N between the spaces, and a 2-forni 
io € Q,'^{M) (satisfying certain conditions). 

Remark 3.1 (Twisted quasi-Hamiltonian structures). Recall the F-twisted Cartan Dirac 



structure described in Example 2.5 



((5eg)^^0r) xG^r. 
Suppose we use the splitting TG^^ — t- ((0®0) xG) ^ described in Example 3.2 to identify 

{{Q®Q)xGf^^T^G''^, 
where 7 = 24{[g~^'^9j 9~^'i9]j Q^^'^d)- Then exact morphisms of Manin pairs 

R:{T,T)M-^ ((0©0)^^0r) x G^^ 

are in one-to-one correspondence with quadruples (M, fi, p,uj), where 

• fi : M ^ G ■" is a smooth map, 

• p : 0^r _). X{M) is a Lie algebra action, and 

• oj £ Q'^{M) is a 2-form, 

such that 

(1) dw = /i*7, 

(2) /i : M — )• G^^ is 0^'"-equi variant with respect to the 0^^" action on G^^ given on 
the e G EY-th factor by 

^ ~^ ~^in(e) + '^out(e)' C S ^, 

(3) ker(d^)a; D ker(a;^)a,. = 0, for every x G M, and 

(4) 

(Note that conditions (2), (3) and (4) determine p uniquely in terms of p and to). The 
quadruple {M, p, p,uj) corresponds to the morphism of Manin pairs Eq. (3.7), supported 
on the graph of p. 

The quadruples {M, p, p,uj) generalize quasi-Hamiltonian G'^^ -structures in the sense 
that they incorporate an automorphism of G^^ into their definition. Here the automor- 
phism is simply the permutation of factors described by the permutation graph, T. Allowing 
arbitrary automorphisms leads to a definition of twisted quasi-Hamiltonian spaces along 
the lines of the one given in [26] for twisted quasi- Poisson structures (cf . [26', Definition 3] ) . 

Let Gbig := G ■" x Z, where Z acts by permuting the factors according to the graph F 
(cf. Remark 2.4). As explained to the authors by Eckhard Meinrenken, quasi-Hamiltonian 
((0 © 0)^'")0r) X G-^r .structures are quasi-Hamiltonian G^jg-structures in the (original) 
sense of Alekseev-Malkin- Meinrenken [4] for which the moment map takes values in G ■" x 
{-1} C Gb^g (cf. Remark [21)). 
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We now examine the behaviour of twisted exact Courant algebroids under the partial 
reduction procedure described in Theorem |3.1[ Suppose that c) x A^ is an exact Courant 
algebroid, and a t)-invariant isotropic sphtting s : TN — )• t) x iV is chosen, defining an 
isomorphism 

We let E C T^A^ denote the Dirac structure corresponding to l^xNCdxN under this 
isomorphism. Suppose 

i?^,^ : (T, T)M -^ {T^N, E) ^ (c), \)) x N 

is a exact morphism of Manin pairs, and 5" C A^ is an orbit of the coisotropic subalgebra 



c C t), and the assumptions of both Theorems 3.1 and 3.2 hold for the reductive data (c, 5). 



Let In '■ S ^- N and zm : f^~^{S) — >■ M denote the inclusions, and qn '■ S ^- N^^s and 
qm '■ /U~^(5) — )• M^^s the quotients (by C"*- and f) n C"*-, respectively). 

We would like to define a splitting of the reduced Courant algebroid d^i_ x N^^s- As 
explained in [lO| Proposition 3.6], unless s{TS) Q c, this will depend on a choice of a 
c-'"-invariant connection 1-form 6 G 0^(5', C"*") for the bundle qj\[ : S ^ N^^s- For any 
X G X{N^^s)^ let X^ G X(S') denote its horizontal lift with respect to the chosen connection. 
The map X — )• s{X^) G T{d x S) may not take values in r(c x S), but 

does, where 'dg G ^^{S,{c^)*) is defined by {(,,'&s) ■= s*(,, for ^ G C"^. Note also that 
sg{X) is C"*" -invariant, and hence descends to a unique section of r(c x Ni^^s)- Thus, the 
composition 

x(iv,,s) ^ r(c xs)^ r(c/c^ X N,,s) = r(Dc x n,,s) 

defines an isotropic splitting sg : TN^^s — > f c x ^c,5- We define 7^ G ^^{N^^s) to be the 
associated curvature 3-form. Let E^^s ^ ^je^c,s denote the Dirac structure corresponding 
to f)c^5 under the isomorphism defined by sg. 

Proposition 3.1 (Partial reduction for split exact Courant algebroids). Suppose that 

(3.8) i?^,^ : (T, T)M -^ {T^N, E) ^ (c), \)) x N 



is an exact morphism of Manin pairs, that the assumptions of both Theorems 3.1 and\3_ 

hold for the reductive data {c,S). Let 9 G ^^^(5, C"*") be a c-^ -invariant connection 1-form 
for the bundle qn '■ S ^ X^^s- 

Then, under the isomorphism Oj x N^^s — TT-ye-^c.s defined by the isotropic splitting sg. 



the reduced morphism of Manin pairs (3.2), described in Theorem 3.1, is identified with 

(3.9) R^,i,, : (T,r)M,,5 -^ (T^,N,,s,E,,s), 
where u)g G VP'{M^^s) is defined by the equation 

(3.10) ql-iLdg = i*MUJ- n*{d,'ds - -soa(6')). 
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and JJL : M^^s 
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Ns^^s is the unique map such that 



QM 



M, 



<:,S 



^ 



QN 



iV, 



c,S 



commutes. 

Moreover, the 2- form Cjg is in dependent of 9 if s{TS) C c, more precisely, the term 
/x*(6',-i?s — |s o a(0)) in Eq. (3.10) vanishes. 



We defer the proof of Proposition 3.1 to Appendix [A| 



Remark 3.2. In the special case where c = C"*" is Lagrangian, then c acts transitively on 



S, so Eq. (3.10) simplifies to 



QMUie = iM^ 



^M 



,so 



a(0)). 



Remark 3.3. Consider the F-twisted Cartan Dirac structure ((0®0) ,0r) x G^. The 
conditions that c C (g © fl)^ be symmetric and that S C G ■" be the c-orbit through the 
identity imply that 



(3.11) 



s{TS) C c 



Indeed, Eq. (3.11) is easily checked at the identity of G^^ , and the invariance of s implies 



that it holds at every other point in the c-orbit, 5. 



Thus, Eq. (3.10) simplifies to 



q^uJe = iM^i 



and Theorem 1 1 . 3| follows as a corollary to Proposition 3.1 



Example 3.3 (Conjugacy clases and quasi-Hamiltonian geometry). Recall the splitting 
s : TG — ;■ (g ® g) X G of the Cartan Courant algebroid described in Example 3.2 Suppose 
c = 0A ^ (fl ffi s) is the diagonal subalgebra, and S" C G is a conjugacy class. Then, 



So 



soa.{i,i) = {i-Adgi,-Ad„-ii + i), eG0, g^G. 



,soa,{e)) = {ri,AdgS)-{Adgr,,S). 



Thus 2(^) soa.{6)) is proportional to the quasi-Hamiltonian 2-form on the conjugacy class, 
5, described in [ij Proposition 3.1]. 

Suppose now that M is a quasi-Hamiltonian G space with moment map fi : M ^- G, 
and 2-form oo. It follows that partial reduction of the morphism of Manin pairs 

R^,^ : (T,T)M -^ (ge0,SA) x G 
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by (c, 5), yields the same symplectic structure as the quasi-Hamiltonian reduction 

M®S//iG, 
where M ® S denotes the fusion of M with S, as described in [4]. 

3.4. Commutativity of reductions. Suppose that 5*1, 5*2 ^ N intersect cleanly, and 
that (ci, Si) and (c2, 5*2) are both reductive data for a niorphisni of Manin pairs 

(3.12) i?: (T,r)M-4 (i),f)) xiV. 

Notice that the Lie algebra C2,i := i?ci ° C2 ^ I'd is coisotropic. Let 52,1 denote the 
image of 5*2 n ^i under the quotient map Si — )■ N^^^Si- In practise, (c2,i, 5*2,1) will often 
form reductive data for 

iici,5i : (T,T)M,,,Si -^ (i'ci,f)ci) X A^ci,Si. 
Similarly, with ci,2 := -Rcj ° '^i ^ ''c2 ^^^ 5i,2 the image of 5i n ^2 under the quotient 
map 52 — )• -A^C2,S25 ^^^ P^i^ (^^1,2) 5*1,2) will often form reductive data for 

R,,,s, : (T,T)M,,,S2 -^ (fc2,f)c2) X N,,^s,. 

Proposition 3.2 (Commutativity of reductions). Suppose that 5i, 5*2 ^ A^ intersect cleanly, 
that (ci, 5*1), (c2, 5*2) and (cinc2, 5'in5'2) all form reductive data for the morphism of Manin 
pairs 

R: {T,T)M -^ (d,t}) xN, 

while (c2, 1,5*2,1) and (£1,2,5*1,2) form reductive data for 

R,,^s, ■■ (T,r)M,,,5, -^ {K,hJ X iVci,5i 

and 

(3-13) (-Rci,Si)c2,i,52i = -Rcinc2,5in52 = {1^1:2, 82)02, Si^i- 



respectively. 
Then 



The proof of this proposition is deferred to Appendix A. 0.2 



In this paper, Proposition 3.2 will always be applied as the following corollary: 

Corollary 3.1 (Reductions of distinct factors commute). Suppose t) x N,d' x A^', and 

d" X N" are all action Courant algehroids, S ^ N and S' C N' are submanifolds and 
(c e 0' e t)", S xN' X N"), (0 e c' e d", N x S' x N") and (c e c' e d", Sx S' X N") each 
form reductive data for a morphism of Manin pairs 

R : (T, T)M -4 {d®d' ® d", i))x{N X N' X N"). 

Then 

{R<:(B(3'®d",SxN'xN"){:i,®c'm",N,^sxS'xN") = -Rcec'ea",S'xS"xAr" 

= {Ri®c'®i)",NxS'xN"){c!Bi)[,m",SxN'^,^,xN")- 
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(c) The initial surface. 



(d) Sewing. 



(e) The resulting surface. 



Figure 19. Sewing two edges from S. The two edges must have opposite 
orientation to ensure that the resulting surface is orientable. 



4. QuASI-HAMILTONIAN structures on MODULI SPACES OF FLAT CONNECTIONS 

Suppose that (S, V) is a marked surface, i.e. S is a compact oriented surface and V C dT, 
a finite set which intersects each component of T, and dT, non-trivially. Let T be the 



boundary graph of S with the vertex set V (see Section 1.2.3 for details). In this section 



we shall prove Theorem 1.2 using quasi-Hamiltonian reduction. In other words, we want 



to construct an exact morphism of Manin pairs 

(4.1) Rsy ■■ {T,T)Mj,y -^ ((0e0)^^0r) X G^^ 

over the map 

/^ : Mj:y -^ G^^ 

given by the boundary holonomies. 
Let us start with a simple case: 

Proposition 4.1 (union of polygons). Let T he a disjoint union of discs and V C 5S a 
finite subset meeting every boundary circle. Then there is a unique exact morphism 

{T,T)Mj,y -^ ((0e0)^^0r) X G^r 
over fi. 



Proof. The map fi is in this case an embedding. As explained in Example 2.9, this implies 
that there exists a unique exact morphism of Manin pairs D 

4.1. Sewing construction. Suppose S is a (possibly disconnected) marked surface, and 
61,62 € r are two distinct edges from the boundary graph, we may 'sew' the surface 
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(a) The graph r' , with chosen (b) The graph with edges ei (c) F is the graph V with 
edges ei, 62 G Er'- and 62 identified with oppo- edges ei and 62 identified, and 

site orientation. the identified edges removed 

along with any isolated ver- 
tices. 



together along ei and 62 to form a new surface 



S':= 



ei ~ 62 



as pictured in Fig. 19 In this section, we describe the analogous procedure for the corre- 



sponding morphisHis of Manin pairs, Eq. (4.1). 
First, note that 

isew ■■={{{(, vy,{v,0) U,^e0}c(ges) 0(000) 

is a Lagrangian subalgebra. Since G is connected, the [^eio-orbit through the identity of 
GxG is 

Gi:={{g,g-')\geG}. 

Definition 4.1. Suppose that 

((0®0)0(0®0)0t'')x(GxGxiV) 

is the product of two Cartan Courant algebroids with an action Courant algebroid, d' x A^, 
and that t) ^ (0 ® 0) 0(0 ® 0) f' is a Lagrangian subalgebra. Further suppose that 

(4.2) R : (T, T)M -^ ((g ® g) 0(g e g) 1)', [)) x (G x G x N) 

is a morphism of Manin pairs. 



Let c< 



ew — '^sew 



d' and let 



S. 



G^xiVcGxGxiV. 



If {Csew, Ssew) IS reduction data for ( |4.2[ ), then the reduction, 

Rcs,^,Ssen, '■ O^^T)M,^^^^Ssen, ""^ {^' ^ ^ Csew ,S sen,) >< ^ 



is called the sewing of (4.2). 



In a typical example of sewing, F' will be a permutation graph, ei, 62 ^ -Bp' will be two 
(distinct) edges, and 

R : (T, T)M -^ ((g © g)^r' , g^,) x G^r' 
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will be a morphism of Manin pairs. 

We let r denote the graph with edge set Er := Ej-i \ {ei, 62} and vertex set 

out(£'r) 



Vr-.-- 



in(ei) ~ out(e2) and in(e2) ~ out(ei) ' 



as pictured in Fig. |20c 
Let 

^sew^ '■= {9 ^ G r' I gfje^ £2} ^ ^ ^} 

as in Definition 



4.1 



Here we are using the notation (^,??){ei,e2} := ((^ei,f?ei); ('?e2,%2))) as 
described in Section |1.1[ The morphism of Manin pairs 

Rei,e2 ^ei..2 I (T,r)M.1..2 o=l,.= 2 "^ ((0e0)^^0^) X G^^ 

is called the result of sewing edges ei and 62 together. Here we have used the following 
lemma to simplify the right hand side: 

Lemma 4.1. The Lie subalgebras gr Q (flffifl)^^ o-'^d (srOc'^i'''^ ^ (0©0)'^^' '^'"e egiiaZ. 

Proof. Let us recall that 

5r' = (in©out)'g^r'^0^r' 

and 

(flrOc^i-^ = 0r' n Ce^ygr n ic%'^')^. 
By definition of Cseu?^ , 9^^' H c^ell^^ is the subalgebra of g^r' where the components corre- 
sponding to identified vertices are equal. After we divide by gr' n (cfeiu^)"'" we obtain the 
Lie algebra gr = g^"" . □ 



The morphism of Manin pairs (4.1) which we assign to the surface E will satisfy the 
following sewing property: 

Sewing property. Let (S, V) be obtained out of (S', V') by sewing edges ei and 62. There 
is a canonical isomorphism 

(4.3) MT,y ^ (My.' y'),<=i,<=2 c;«i.<=2, 

which identifies the following two morphisms of Manin pairs: 

i?sy : (T,T)Xsy -^ ((0eg)^^gr) x G^^ 
and 

iR^',v'),2-^,stl-^ : iT,T)Mj,y — ((0e0)^^0r) x G^^ 
Notice that 

l^'\S2^') = {/ G M^^y^iG) I /(ei)/(e2) = 1} 
and that 

l^-\Stl;^^)/Q'" n {c2'^^)^ = Mj:yiG). 
Thus, the isomorphism |4.3] is clear. The non-trivial part of the statement is the behaviour 
of the i?s y's 
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4.1.1. Commutativity of sewing. Suppose {ei, 62}, {e'^, 62} ^ Ey are two distinct pairs of 
distinct edges (i.e. {ei, 62} n {e'^^, e^} = 0), and let i : {ei, 62} — ?• -Ep and i' : {e'^, e^} — )• i^p 
denote the inclusions. We may form the graph F", with edge set Ey'' := Ey \ {ei, 62, e'^, 62} 
and vertex set 

out(Er") 

\/p// ;^ . 

in(ei) ~ out(e2), in(e2) ~ out(ei), and in(e'^) ~ out(e2), 111(62) ~ out(e'^) 

It is the graph obtained from T by identifying the oppositely directed edges ei ~ 62 and 
e'l ~ 62, and then deleting these newly identified edges and any isolated vertices. 
Let 



Cl 

C2 

Cl,2 



d'^' = (ge0)^^i'"2> e i'iUe^) e (ges)^^"^ 

CinC2 = i{isew) e «'([se^) (ge0)^r"^ 



and 



5i 

52 



Sir\S2 = i{G\) X i'(G5^) X G^r", 



If the pairs (deiu^, /Sli^^), (c^ew;^, ^se^^) and (ci n C2,5'i n 5*2) all form reductive data for 



R, then the assumptions of Corollary |3.1| are satisfied. Therefore, 

(-Rsi>e2 061,62) e' e' e' e' =-Rci2,Sl2 = (Re'e' e'e'),<^l'<'2 cjE1.<=2 

as morphisms of Manin pairs 

(T,r)M" -^ ((geg)^r",0p„) X G^r", 

where M" = M^^ 2,S'i 2- That is to say, it makes no difference in which order we sew pairs 
of edges: the results are all naturally isomorphic. 

4.2. The quasi-Hamiltonian structure on M^Y,y{G). 

Theorem 4.1. There is a unique way to assign to every marked surface {Ti^V) an exact 
morphism of Manin pairs 

i?s : (T,r)7Wsy -^ ((ge0)^^gp) X G^r 

supported on the graph of fi : Ai^y — )■ G ■" such that the assignment satisfies the sewing 
property. 



Proof. If S' is a disjoint union of disks then i?s' exists and is unique by Proposition 4.1 

Suppose that S is triangulated and V = T^ H dT,. Let S' be the disjoint union of the 
triangles and V the set of its vertices. Then, by sewing the respective edges of M.j:'y'{G) 
according to the triangulation, we get an exact morphism of Manin pairs 

Rr : {T,T)Mj:y -^ ((g ©0)''^gp) x G^^. 
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(d) a triangulation of the 3-gon. 



(e) a Triangulation of the 4-gon. 



Figure 20. Triangulations of 3 and 4-gons. The dashed Hnes indicate 
internal edges of the triangulation along which we sew. 



By commutativity of sewing these morphisms satisfy the sewing property. It remains to 
show that they are independent of the triangulation T. 

Thus, we need to prove that Rj- is invariant under Pachner moves applied to T. Pachner 
moves are, however, simply changes of triangulations of a polygon (either a triangle or a 
square, see Theorem 4.1). The independence thus follows from Proposition 4.1 D 



5. POISSON STRUCTURES ON THE MODULI SPACE OF FLAT CONNECTIONS 

Suppose G is a (connected) Lie group with Lie algebra q and s G 5'^(g)'^ is a G-invariant 
symmetric 2-tensor. We let denote the Drinfel'd double of g, as in Example [L8j Suppose 
now that F is a permutation graph. Then t)^r ^cts on G^^ with coisotropic stabilizers, as 
follows: ti^r acts on the e G £'r-th factor G^^ via the vector field 



P{i)e 



(cf. Fig. 21b). Thus 



is a Dirac structure. 



s(^in(e))" + t(eout(e)) , ^£5 



Vr 







^r X G^r c 5^r ^ G^^ 





(a) Here in(e) — v — out(e'), where w G Vr 
is the vertex and e, e' S Ey are edges. 



(b) The element ^(.j e 0^"" acts diagonally 
by ^1, at the vertex v. 
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Suppose (S, V) is a marked surface (where we now allow components of dJ^ to intersect 
V trivially), with boundary graph T. In this section, we prove there exists a natural 
quasi-Hamiltonian (T),q) '^ x G^ structure on A^E,y(G), i.e a morphism of Manin pairs 

i?s,y : {T,T)Mj:y{G) -^ {d,Q)^^ x G^r 

over the map 

A* : Msy{G) ^ G^i^ 

given by the boundary holonomies. 

As before, for disjoint unions of polygons the quasi-Hamiltonian structure is uniquely 
defined. 

Proposition 5.1 (union of polygons). Let Ti be a disjoint union of discs and V C dT, a 
finite subset. Then there is a unique exact morphism of Manin pairs 

{T,T)Mj,y -^ ((0e0)^^0r) X G^r 
over //. 



Proof. As in Proposition 4.1 /x is an embedding, so this follows from Example 2.9 D 



5.1. Fusion. Suppose that P,Q £ Vr are two distinct vertices. The operation of fusion at 
the ordered pair of vertices (P, Q) described in J26] (following [3|[4]), can be understood in 
terms of a morphism of Manin pairs 

R{P,Q) ■■ i^,Qf' X G^r __, (j,^g)Vr. X qE,, 

where the graph T* is a permutation graph constructed from F, as we shall now explain: 

Let %e = in~^(P) and e% := out~^(P) denote the edges entering and exiting P. Simi- 
larly, let t^e = \n~^{Q) and e^ := out^^{Q) denote the edges entering and exiting Q. 

Case 1: fzc = 6%: In this case, T* is obtained by discarding the edge ^e = e% and 
identifying the vertices P and Q (cf. Fig. 21). 

Meanwhile for (^,5) G t)^r x G^^ and {C,9*) e O^r- x G^r- 

(^, 5) ~/?(p,Q) iCg*) 
if and only if g* = g^ for every e G £'r* and 

J '^Q ° Cp if w is the vertex obtained by identifying P and Q 
\iv otherwise, 

(in particular, we assume that ^q and ^p are composable elements of the Lie 
group old 0). 
Case 2: <^e 7^ e-t: In this case, F* is obtained by identifying the vertices P and Q 
and composing the edges e-t and tjc to form a new edge e^ (cf. Fig. 22). 
Meanwhile for {i,g) G t)^^ x G^r and (r,5*) e J"^^* x G^r- 

(C, 5) ~H(p,Q) {C,9*) 
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if and only if 



de^g^e if e — Cpg 

Qe otherwise, 



while ^* and ^ satisfy Eq. (5.1), as before. 





^Q°Cp 




"p* 



Figure 21. The graph F* is the permutation graph obtained from F by 
deleting the edge, ^e^, passing from P to Q, and identifying the vertices P 

and Q. (The graphs are isomorphic outside the pictured regions.) Heuris- 
tically, we have obtained the graph T* by gluing short sections from both 
ends of ^e^ together (effectively divorcing it from the graph). 

Meanwhile, the Courant morphism, RmQ), is defined by composing the 
corresponding elements labelling the vertices and by forgetting the element 
which labelled the deleted edge. 



Now suppose that M is a quasi-Hamiltonian (0,0) ■" x G '"-space defined by the mor- 
phism of Manin pairs 

R : {T,T)M -^ (J3,q)^^ X G^^ . 
Then the morphism of Manin pairs 

R* := i?(p,Q) o R : {T,T)M -^ {d,9f^' x G^^* 

defines a quasi-Hamiltonian (i), Qy^* x G^* -structure on M which we call the fusion of R 
at the ordered pair {P, Q) of vertices. 

Remark 5.1 (Associativity of Fusion). Since the Courant morphism Ripq\ is defined in 
terms of the groupoid structure on c) and the group structure on G, it follows that fusion 
is an associative operation. 
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iq °ip 




Figure 22. The graph T* is the permutation graph obtained from F by 

identifying the vertices P and Q and composing the edge entering Q with the 

edge leaving P. (The graphs are isomorphic outside the pictured regions.) 

Heuristically, we have obtained the graph F* by gluing a short section of 

the edges e<- and <-e together. 
p Q 

Meanwhile, the Courant morphism, RipQ\, is defined by composing the 
corresponding elements labelling the edges and vertices. 



5.2. The quasi-Hamiltonian structure for quasi-triangular structure Lie alge- 
bras. Let {Ti,V) be a marked surface. If we choose an ordered pair {P,Q) of marked 
points {P ^ Q € V) then the corresponding fused surface S* is obtained by gluing a short 
piece of the arc starting at P with a short piece of the arc ending at Q (so that P and Q 
get identified). The subset V* C dT,* is obtained from V by identifying P and Q. The 
map 

coming from the map {T,,V) — t- (S*, V*), is a diffeomorphism. 

Theorem 5.1. There is unique way to assign to every marked surface {T,,V) a morphism 
of Manin pairs 

Rj,y : {T,T)M^y{G) -^ (5,0)^1^ x G^^ 

supported on the graph of ix : M^y{G) — )• G^^ such that if {Ti*,V* 

(S,y) by fusion, then Rj]*y* is obtained from RT,y by the corresponding fusion. 

We defer the proof until the next section. 

Remark 5.2. When s S S'^{q)'^ is non-degenerate (i.e. g is quadratic), then t) = 5 
the pair groupoid and 

(in e out)'(s e t) : D^^ ^ (g e q)Et 

is an isomorphism. In this case, it is not difficult to convince oneself that the morphisms 
of Manin pairs 

R^y : {T,T)M^y{G) -^ ((ge0)^^0X^ x G^^ 
described in Theorem |5.1| satisfy the sewing property. That is they are precisely the ones 
described in Theorem 14. 11 



is obtained from 



IS 
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5.2.1. quasi- Hamilt onian [d,Q)^^ x G^^ -manifolds and quasi-Poisson geometry. Using the 
material in Section 3.2, we intend to relate quasi-Hamiltonian ((),g) ^ x G^-spaces to 
the quasi-Poisson spaces studied in [3 26 . A canonical choice of complement to g C 5 is 
0*^:=(s + t)*(g*)Ci), explicitly 

Similarly, i = (g^)^"" is a canonical choice of complement to g^^ C t)^r_ 

Let of : Vr — ;• Vp be the permutation given by walking along the graph T against the 
direction of each edge. Suppose that (M, p, vr) is a quasi-Poisson G^'" -manifold, in the 
sense of [3 26 and // : M — )• G^^ is a of' -twisted moment map in the sense of [26] . Let 
jl: M ^ G^he defined by 

/2(m)e = (/u("i)in(e)) , m£ M,e£ Er- 
Proposition 5.2. There exists a unique morphism of Manin pairs 

R : (T,r)M --^ (O^^g^r) ^ G'^^ 

over the map ft which is compatible with the g^^ action on M and such that io R = gr{'ir^). 
Moreover, the converse holds whenever the action of g^^ on M integrates to an action 
ofG^^. 



Proof. This follows from a direct application of 11, Proposition 3.5]. (cf. Section 3.2). D 

In this sense there is a one-to-one correspondence between quasi-Poisson G^^ -manifolds 
with Or' -twisted moment maps and quasi-Hamiltonian (t)^'",g^'") x G^^ -manifolds. 

Proposition 5.3. Suppose (M, />, vr) is a quasi-Poisson G^ -manifold with Wr' -twisted mo- 
ment map, and let 

R : (T,T)M --> (O^^g^r) X G^^ 

be the corresponding quasi-Hamiltonian {d^^,g^^) x G^^ -structure on M. Let R* denote 
the fusion of R at the ordered pair of vertices (P, Q) C Vr. Then the bivector field for the 
quasi-Poisson G r* -structure corresponding to R* is 

TX* ■= vr -^ p{t), 

where r G A^(g^r) ig ifi^ insertion of ip £ f\ {q^ ® g*^), 

at the P, Q-th factors. Here s = Yli j •5*"' ii ® ^j 'iiT- some basis ^j of g. 



Thus, (up to a sign difference) fusion in the sense of Section 5.1 is precisely the same as 
fusion in the sense of [3l[26l. 
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Proof. Let t^ = (^X) • ^ straightforward computation shows that 
By definition, gr((7r*)'') = t* o R*. Thus, we see from 



° ^{P,Q) ° 



^ = gr(vr) + gr(p(r)) 



that vr* = vr + p(t). 



D 



Remark 5.3 (Sign differences). In [26| , the bivector field resulting from fusing the ordered 
pair (P, Q) is defined to be vr* = tt — p{t). This difference is essentially due to the fact that 
we orient our boundary graph to agree with the orientation of dTi, whereas the opposite 
convention is used in [26]. 



Proof of Theorem 5. 1 , Propositions 5.2 and 5.3 show that it suffices to prove the equivalent 
statement for quasi-Poisson G^r_g|;j-uctures. However, |26, Theorem 2] and f26[ Theorem 
4] shows there exists a unique quasi-Poisson G^^.g^r^cture on M.T.y{G) with of '-twisted 
moment map which is compatible with fusion (notice that Proposition 5.1 implies the first 
two properties of [26', Theorem 2] are automatically satisfied). D 



Corollary 5.1. The proof of Theorem 5.1 also shows that the bivector field on A4t,,v is 
given by Eq. (1.11). 

Appendix A. Proofs of reduction theorems 

Before proving Theorems |3.1| and |3.2| and Proposition |3.1[ we first establish some lemmas. 

Lemma A.l. Suppose that (r/; Z) G -Rc,5j where r] & dc, Z & TM^^s o-f^d Rc,s is as in 
Theorem \3.1[ Then 



(1) T] G [)c, and 

(2) r] = only if Z = 0. 

Proof Let CgD, X e TM and a G T*M be chosen so that {(,;X + a) e R and 

(C;X + q)~(^^^^^) {r];Z). 

Since Ri = Rq^^ o R^^^^, it follows that a G ann (T/i^-'^S'). Consequently, there exists a G 
ann (TS*) such that a = ii*a. Since 5 is c invariant, 

Ca := a*a G c"*". 

Moreover, since R is supported on the graph of /u, (Ca, a) = a*(— a,//*a) G R. Thus 

(A.l) {i-UX)(^R 

and 

(A.2) (e-Ca;X)~(^,x^,)(r?;Z). 



Since (3.1) is a morphism of Manin pairs, axiom (ml) of Definition 2.5 implies that 

(A.3) ^ - Ca G d- 
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Thus Eq. (A.2) implies that r] G fj e, est ablishing the first claim. 

Next, suppose r] = 0, then Eq. (A.2) im plie s that C ~ Ca ^ '^'^ iii addition to Eq. (A. 3). 
That is ^ — C« S C"*" n 1), and hence Eqs. (2.8) and (A.l) imply that X is tangent to the 
C"*- n f). Therefore Z = qM{X) = 0, establishing the second claim. D 

Lemma A.2. Under the assumptions of Theorem\3.1\ the Courant relation 



R2X Ri:{dx N) X TM --> {d, x N,^s) x TMc,5 



composes cleanly with the Dirac structure R C (d x N) x TM. 
Moreover, the composition 

R.,S :=R2oRoRJ 



is a well defined suhhundle of (c)c x N^^^s) ^ '^^<^,s- 

Proof. We begin by proving that the composition {R2 x Ri) o R is clean. For this, it is 
sufficient to show that 

(1) the rank of the intersections ker(i?2 x -Ri)"*" H R and ker(i?2 x ^1) H R are constant, 
and 

(2) the composition of the underlying relation of vector bundle bases, 

{gr{qN X qm) o gr{iN x inV) o gr(/u) 

is clean. 
We now show that the rank of ker(i?2 x Ri) D R is constant. We claim that the sequence 

(A.4) ^ f) n c^ ^^(^^PniO\ k,^(^^ X i?i) n i? ^^'''+"^"" anniT^r'S) ^ 



is exact, where pn is defined in Eq. (2. 



First, the second map is surjective: for any a € anr\{Tfi ^S), let a € ann(TS') be chosen 
so that ii*a = a. Since S* is c invariant, 

Ca ■= a*a G c"*". 

Moreover, since R is supported on the graph of fi, 

(Ca,a) = a*{—a,fJ*a) G ker(i?2 x Ri) n R. 

N ext, we prove exactness at ker(i?2 x Ri)nR. Suppose (^, X) G ker(i?2 x Ri)nR. Since 
Eq. (3.1) is a morphism of Manin pairs, ^ G P) and X = PR{S,—Ca)- Since ^ G ker(i?2) = C"*") 
we conclude that .^ G f) n C"*" . 



This shows that the sequence Eq. (A.4) is exact. Since fjPlc and ann{Tfi ^S) are both of 
constant rank, so is ker(i?2xi?i)ni?. Consequently (ker(i?2xi?i)ni?) = ker{R2xRi)-^+R 
is also of constant rank, and thus so is ker(i?2 x -Ri)"*" n R. 
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Next, we need to show that the following composition of relations is clean: 

M > N 



iM 



qu 



f^ 



IN 



QN 



where, for brevity, we have introduced the notation S := n~^{S). Since gr(//) intersects 
S X M cleanly, the composition gr(/i| 5) = gr{iN)~^ ° gi'(Ai ° iu) is clean 



M 



U-f 



S 



f^ 



^^\s 



N 



IN 



s 



QM 



M, 



f^ 



QN 



c,S 



^N.s 



Next, 

gr(gAf o ^1^) X gr(gAf)'^ ^ A^c,5 X 5 X 5 X M,^s 

intersects N^^^s x •S'a x M^^s transversely, since qm and qn ° fJ-ls ^^^ both maps. Moreover, 
since M^^s is the set of f) n C"*- orbits in S, while A^^^^^ is the set of C"*- orbits in 5, the 
projection 



gr^QN o uls) X gr(^M)^ n N,^s X Sax M, 



grill) 



is a surjective submersion. Thus, by definition, gr(g'Aro/x|^) composes cleanly with gr(gAf )"*"• 

It follows that R2 X Ri composes cleanly with R. 

Finally, since {(^; Pr{C)) I C S f) n C"*-} C i?, it follows that i? is P) n C"*- invariant. Hence 
Rc^s '■= R2 ° R° RJ is a well defined subbundle of 



[d, X DJG,) X TQ. 



D 



We are now ready to prove Theorems 3.1 and 3.2 



54 



DAVID LI-BLAND AND PAVOL SEVERA 



Proof of Theorem \3.1\ Since N^^s is the space of c -orbits of S, while M^^s is the space of 
C"*- n f) orbits of fi~^{S), the fj-equivariant map 

// : IJ-HS) -^ S 

descends to a define a unique map 

fi : Mc,5 ^ A^c,5- 

The composition R^s '■= R2 ° R ° RJ is supported on the graph of ft. Thus Lemma 



and Proposition 2.1 show that 



A.2 



Rrs ■■ TMrS --> Oc X iV, C 



is a Courant morphism. 



Finally, Lemma A.l proves that (3.2) satisfies the defining conditions for a morphism of 
Manin pairs. D 



Proof of Theorem 3.2. We need to show that Eq. (3.2) is a exact morphism of Manin 
pairs. We do this by first showing that li^ x N^^s is an exact Courant algebroid along 
the image of /^(M) n 5", and next by showing that the anchor maps R^^s surjectively onto 

The fact that tic x N^^s is exact follows from [10[ Theorem 3.3], but we include a proof 
here anyways. We must show that 

(A.5) ^ T*N,^s ^ fc X N,^s ^ TN.^s ^ 

is an exact sequence. By assumption, c acts transitively o n S. Thus Dc := c/c"*" acts 
transitively on N^^s '■= S/c . It follows that the sequence (A.5) is exact at TN^^s^ and 
hence, by duality, also at T*N^^s- 



Next, Eq. (A.5) is exact at d^ x N^^s if a-nd only if ker(a) is isotropic. This, in turn, holds 
if and only if c n (ker(a5) + C"*") is isotropic, where ag denotes the anchor map for d x N. 
But 

(c n (ker(aa) + c^))^ = c^ + lm(a;) n c^ = c n (lm(a;) + c^). 

Therefore, (A.5) is exact at TN^^^s if Irn(c^o) = '<6r(a3), which holds whenever d x N is exact 



(as it is along fi{M)). 

Next we need to show that the anchor maps i?c_5 surjectively onto Tgr{fi^^s '■ ^h,s -^ 
N^^s)- More precisely, for any Z £ TM^^s-, we must show there exists rj £ d^ and 7 G T*M^^s 
such that 

(r/,Z + 7) eR,^s- 
Let X £ Tfi~^{S) be chosen so that it maps to Z under the quotient map qm '■ fJ-~^{S) — )• 



M^^S- Since Eq. (3.1) is exact, there exists a G T*M and ^ £ d such that {^,X + a) £ R. 

dfi{X) £ TS. Since c acts transitively 

Thus there 



Imfa;) 



Now R is supported on the graph of //, so ao(^) 

on S, we must have ^ G c + ker(a5). Since D x N is exact, ker(a5) 

exists ^' G c and /3 G T*N such that S, = C' + aj/3. Since R is supported on the graph of fi, 

(ag/3,/i*/3) G R, and thus 

(e',^ + a-/i*/3) £R. 
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Since R is Lagrangian, pairing this element with {C,Pr{0) ^ -^j where (" £ f) H C"*-, we see 
that 

= (e',C> = (a-/"*/3,/>i?XC)). 
Since C £ f) H C"*- was arbitrary, this shows that « — //*/? = q^^^ for some 7 E T*M^^s- 
Thus, we have shown that 

(e' + c^,z + 7)ei?c,5, 

where ^' + C"*" is the image of ^' under the quotient map c — )■ c/c"*". Since Z £ TM^^s was 
arbitrary, we may conclude that Eq. (3.2) is exact. 

D 

Proof of Proposition 3. 1 . First we show that the 2-form ojq := i\,jCO — fL*{9,^s— 2^° ^(^)) ^ 
ri^(/Lf~^(S')) is f) n c -invariant and basic. To show invariance, note that (by definition) 
(C)P-r(C)) ^ ^ foi" s-^y C £ f)) and thus R is ()-invariant. Since s : TN -^ d x N is an D- 
invariant splitting, it follows that i?^,a; and hence w € 0^(M) is f)-invariant. Additionally, 
s,a and t?^ are 0-equivariant, while 6 is c -equivariant. Hence (^,i?s — ^s o a(^)) is c - 
invariant. It follows that the sum, loq is [) H c-'"-invariant. 

The isomorphism D x N ^ T-yN is given by ^ — )■ a(^) + s*{^), for all ^ £ d. Thus, for 
^,r/ G D, we have 

(e, r?) = (a(0 + s*(0, a(r?) + s*{r])) = {s o a(e), r?) + (C, s o a(r?)). 

Thus, since c is coisotropic, the assignment ^,r] ^ {C^s o arj) defines a skew-symmetric 
form on c . 

Now suppose ^ G C"*", then 

= (e, T?. - 2 s o a(^)) -{6, so a(0 - \s o a(0) 



(A.6) =s*e, 

where the last line follows from the skew-symmetry of the assignment ^, r/ 



(^,soa(r/)). 



Now, for ^ G f), we have h*Pr{0 = ^(0; and thus Eq. (3.7) implies that 

(A.7) pRiO - ^^(5)0; + V^(o^*(^, ^s - ^s o a(0)) -^^^^ a(0 + s*(0, ^ G f) n c^. 



Since Eq. (3.8) is a morphism of Manin pairs, and since a(^) -|- s*(^) G E for any ^ G f), 
it follows that the left hand side of Eq. (A.7) lies in TM. That is, ip^t^\uj0 = for any 
^ G f) n C"*-. We conclude that there is a unique 2-form Cje G ^"^{M^^s) such that q\jCjQ = uq. 
We define the Courant relation 



Rc,sM ■■= gr(a( 



so that 



gr(a( 



tc,5 



R, o gr(a © s*)T : T^iV -^ T^«iVc,5, 
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Now the definition of sq shows that for any X G X{Nc^s)j we have 
Since X is horizontal with respect to 6 and X = {qN)*X \ we also have 



On the other hand, for ^ G c , we have a(^) + s*{^) ~/j^ ^ ^ 0, so Eq. (A. 6) shows that 

1 

Therefore, for any X G TS, 



a(0 + ^a(o(^' ^s - -s o a(0)) ~Hc,,,e {qN)MO- 



X + ix{e, ^s-^so si{9)) ~He.,.9 {qN)*X, 

since this relation holds for both horizontal and vertical vector fields on the bundle q^ '■ 
S -^ N^,s- This implies Rc,s,9 ° Rti,uj o griiM) = RtJ.,Loe- Finally, since ug = q\.jCj0, we 
conclude that 

R^,s,e ° RtM,uj o gr(Uf) o griquV = R^l,Cjo, 
which proves the first part of the proposition. 

Now suppose that s{TS) C c, then s*{c^) C ann(rS'), so ??^ = and 8*9 = 0. Thus 
{9,'ds — \s o a{9)) = 0, and uiq is independent of 9. This concludes the proof of the 
proposition. D 

A. 0.2. Proof of the commutativity of partial reduction. 



Proof of Proposition 3.2. By symmetry, it is sufficient to prove the first equality in Eq. (3.13). 
The key fact is that when (ci n C2, S\ n 5*2) is reductive data then ci n C2 is coisotropic. As 
a result, 

(A.8) C^ C (ci n C2)-^ C Ci n C2 C C2. 

Thus, 

C2,l = (Cl n C2)/(C^ n C2) = (Ci n C2)/cf , 

and 

c^i = (c^ + c^)/cf 
Hence ^ G c), ^' G c)ci and ^" G (c)ci)c2,i satisfy 

if and only if 

eeci, e' = e + c^, e'e(cinc2) + c^, ande" = e' + c^ + c^■ 
Equivalently, 

^ G Cl n C2, C" = C + (ci n C2)-^, and ^' = ^ + Ci. 
So 

(A. 9) Rfi.x ° Rci = -Rcinc2- 
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M, 



IM ■.fl'^{SinS2)^M, 



Uf. 



ci,5i 



Before continuing, we introduce some notation. Let fJ,ci,Si '■ -^ci,5i — ^ -^ci.Si be the 
function whose graph is the support of Rci,Si, let 

IN ■■ SinS2-^ N, 

iiV2,l '■ 5'2,l —^ ^CL^i, 

denote the inclusions, and 

qNi : Si -^ iVci.Si, 
qn ■ Si n S2 ^ ^^cinc2,5inS2 

QN21 '■ S2,l -^ (A^ci,Si)c2a,5:^, 

denote the quotient maps. 

Now 

Now 
(A.IO) 
if and only if 



QMi ■ /-t" (Si) -^ ^ci,5i, 

Qm ■ At" (Si n S2) — > ^cinc2,Sin52> 

iMy ■■ /^ci,5i('5'2,l) -^ (^ci,Si)c:^i,S2j 



i?C2,i ° Rci) X griqN2^) ° gr(^Af2i)^ ° gi'(gJVi) o gK^TVi) 



i?o fR 



QNo 



^ ~gr(giVi)°gi'(«iVi)^ ^ ^g^iJiVoJogK^iVji)^ ^ 



i? 



ii, 



'^ATi 



i?. 



'1■N^ 



X € Si, y = qNiix), y £ S2,i, and z = qN2,iiy)- 



Equation (A.8) implies that the Cinc2 invariant manifold 5'inS'2 is also c-^ invariant. Since 
5*2,1 is the set of Cj*- orbits in Si H S2, it follows that y £ S2.1 if and only if x G 5i n ^2. 
Thus, Eq. (lA.lOl) holds if and only if 



X G Si n 52, z = qN2, o qNi_ (x), and y = qN^ (x). 



But 



QN2,i ° QNi\sinS2 : 5i n 52 — ;> -^cinc2,5inS2 
is the quotient map for the c;j'" + c^ action, i.e. q^^^ o qNi\sinS2 = ^A^- Therefore 

(A. 11) gK^ATa) o gr(«Ar^i)'^ o gr(9Ai) o gr(iAi)^ = S'^ilN) o gr(iAr)^. 

A similar calculation shows that 

grl^M^^i) o gr(u/:4i)^ o gr(gMi) o gr(iMi)^ = gi'(gAf) o gr(iA/)^, 
and since the composition is clean we also have 



(A.12) 



R. 



QN. 



2,1 



Ri, o R, 



IN, 



QN-, 



oRj 



«JVi 



^QM ° RlM 



Combining Eqs. ( |A.9[ ), ( |A.11[ ) and ( |A.12[ ) shows that 

(^ci,5i)c2i,52i = (^cinc2 X (gr(9Af) o gr(iAr)^)) o -R o (^g„ ° ^i 



i?, 



cinc2,Sin52- 
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